Uniform Convergence

Where is it prove that one obtains the derivative of an infinite series by taking
derivative of each term ? - - -Niels Henrik Abel

We have already studied sequences and series of (constant) real numbers. In most problems,
however, it is desirable to approximate functions by more elementary ones that are easier to in-
vestigate. We have already done this on a few occasions. For example, we looked at the uniform
approximation of continuous functions by step, piecewise linear, and polynomial functions. Also,
we proved that each bounded continuous function on a closed bounded interval is a uniform limit
of regulated functions. Now all these approximations involve estimates on the distance between
the given continuous function and the elementary functions that approximate it. This in turn sug-
gests the introduction of sequences (and hence also series) whose terms are functions defined, in
most cases, on the same interval.

1 Sequence and Series of Functions

(i) For aset E C R, let us denote by F(E;R) the set of all functions from E to R. We are
interested in sequences and series in the sets F(F; R). For each sequence (f,,) € F(E;R)N
and each = € E, the numerical sequence (f,(z)) € RN may or may not converge. Let
fn :[0,1] = R be a function, given by f,,(z) = 7;x € [0, 1], then (f,) is a sequence of
functions on [0, 1].

(ii) Let £ C R and let (u,) € F(E;R)N. Then the formal sum
o
up g e U =Y Uy
n=1

is called an infinite series of functions with general term wu,,. For each x € E, we have a
numerical series

ur(z) +uz(z) + -+ up(z) + - =D un(x)
n=1

For each n € N, we can then define the partial sum

n

sn(2) = ur(z) +ug(x) + -+ ug(z) = Zuk(x)
k=1

This defines a sequence (s,,) € F(E;R)N.



2 Small Overview On Uniform Convergence

2 Pointwise Convergence

Definition 1. [Pointwise Convergent Sequence of functions ]: For each (f,) € F(E;R)Y; let
Ey C E be the set of all points # € E such that the numerical sequence (f,,(x)) € RY converges
and let

fz) = lm_ fu@) Vo e B (1)

which, in detail, means that, corresponding to an ¢ > 0, AN = N(x;¢) € N, depends on both z
and ¢, such that

|fn(x) — f(x)| < e; whenevern > N ()

The sequence (f,) is then said to be pointwise convergent (or simply convergent) on E and the
function f € F(Ep;R); defined by (1) is called the pointwise limit (or simply limit) of (f,,) on
Ey.

For example, let X = {1,2,3} and let f,,(k) = n(modk); k = 1,2,3 where n(modk) is the
remainder when n is divided by k. Let a = 1, then f,,(1) = 0 for n € N and hence f,, (1) — 0.
On the other hand (f,,(2)) = (1,0, 1,0, - - - ) and hence the sequence is not convergent. Hence the
sequence {f,,) is not pointwise convergent on X .

We now look at a few examples and examine their pointwise convergence. Pay attention to
the graphs of these functions to get an idea of what is going on. As far as possible, we shall
investigate whether the given sequence is pointwise convergent and if so, we shall determine the
limit function.

EXAMPLE 1. (A discontinuous limit of continuous functions) Consider, the sequence (f,,())n,
where, f,,(z) = 2", forall z € [0;1] as
Y i depicted in the Fig. 1. For z € [0,1).
We then have lim f,(x) = 0. On
n—=o0
the other hand, lim f,(1) = 1. The
n—m=oo

sequence is therefore pointwise conver-
gent to a function f(z), on [0, 1], where

0, T .
0; ifo<x<1,
-]

Figure 1: f,(x) forn =1,2,3,4,5. 1; ifzr=1

Note that each function f,,(z) of the sequence is continuous on [0, 1], but the limit function is
not continuous on [0, 1], it has a jump discontinuity at the point x = 1.

/2
EXAMPLE 2. Consider, the sequence (f,(z))n, where, f,(x) = (1 — Tf1>n ;n > 1 for
n
all x € (—o0,1]. We then have lim f,(z) =0,for0 < x < land lim f,(z) = oo, for
n—-—ao0 n—-=o0
x < 0. On the other hand, lim f,(0) = 1. Thus, the sequence ( f,,(x)),, converges pointwise on
n——ao0

Ey = [0, 1] to the limit function f defined by

0; if0<x<1,
f(x)_{l; ifz=0
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3 Small Overview On Uniform Convergence

EXAMPLE 3. Consider, the sequence (f,(x))n, where, fp(z) = 2" "*;n > land z > 0, as

oo .
Y= n(x)
_2 1 :
N T A L i T
o— .+ % /o = —n
(b) 4

Figure 2: (a) fn(x) = 2™ (b) fun(x).

depicted in the Fig. 2(a). Now, f/(z) = nz" te™"*(1 — x) = 0, gives # = 1 and the maximum
value of f,(z) on [0, 00) is e~ ™. Therefore | f,(z)| < e™", and so lim f,(z) = 0 forall z > 0.
n—0oQ

The limit function in this case is identically zero on [0, c0).

EXAMPLE 4. Consider, the sequence (f,,(x))y, where, for n >,

0; for z < —%
P 2 1
—n(22—i— nx); for — Elg xr < e
fo(z) = nex; for G <z <25
n(2 —nx); for > <x <>
0; forxz > 2

defined on (—o0, 00), as depicted in the Fig. 2(b). Here lim f,,(0) = 0, forallnand lim f,(z) =
n—oo n—o0
0if n > 2. Therefore

||

f(x)= lim fu(z) =0; —o0 < x < o0,

n—oo
so, the limit function in this case is identically zero on (—o00, 00).
EXAMPLE 5. (Uniform limits of differentiable functions need not be differentiable): Consider,

the sequence (fn(z))n, where f, :
1
—// R — R defined by f,,(z) = /22 + o

Z n € N, as depicted in the Figure 3,

for all x € R. Here we clearly have
y = |xf lim fn(z) = |z|forallz € R. Thus,
) tl;;ggquence is pointwise convergent
on R. We also observe that f, is dif-
ferentiable on R for all n € N with

fiz) = ——

\/:1:24-%

On the other hand, the limit function f(x) = |z| is not differentiable at x = 0.

Figure 3: Uniform limits of differen-
tiable functions need not be differen-
tiable

) sin(n?x)
EXAMPLE 6. Consider, the sequence (fy(z))n, Where, f,(x) = ——— for all z € R and
n

n € N.
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4 Small Overview On Uniform Convergence

as depicted in the Figure 6.
Since |sina| < 1forall a € y
R, we have obvious estimate fr(z) = Bz
|fo(z)] < L for any z €
R. Here the limit function, f;

is the (identically) zero func- = W /\\O/ L7 \/DQ\\_/?T .
, sin(n’x)
tion. Indeed, 7} <

n

1
— holds for all x € R and
n

. 1 _
n € Nand nh—r>noo n =0 Figure 4: Graph of f,,(z) of Example 6

Therefore, f(z) = f'(x) = 0 for all z € R. On the other hand,

 cos(n’x) — ncos(nz)

frlx) =n?

does not converge to 0. In fact, lim f},(0) = lim (n)= occ.
n—-ao0 n—m->=o0

EXAMPLE 7. Consider, the sequence (f,,(2)),, where, f,,(z) = [cos?(nlmwz)], for all z € [0,1]
where, for each ¢t € R, [t] denotes the greatest integer < ¢. If # = £ with (relatively prime)
positive integers p and ¢; then n!z is an integer for all n > ¢ and hence cos?(n!mx) = 1. On the
other hand, if z € Q, then cos?(n!mz) € (0, 1). It follows that the (pointwise) limit function, f, is
given by

{0 ifzeqQn(o1],
f(x)_{n if 2 € 0,1]/Q

In other words, f is the Dirichlet function which is nowhere continuous on [0, 1]. In particular, f
is not Riemann integrable. On the other hand, each f,, has only a finite (in fact n! + 1) number of
discontinuity points and hence is Riemann integrable.

EXAMPLE 8. Consider the functions f,,(z) = nz(1 — z%)", for all z € [0,1]. The (pointwise)
limit, f; is the identically zero function: f(z) = 0;Vx € [0, 1]. This is obvious for # = 0 and
x = 1, and for x € (0, 1) it follows from the fact that lim na™ =0, for all @ € (0, 1). Now

1 nz(l —x?)ntt n
/Ofn(@dl’:—g[ (1n—|—1) K:z(ml)
1

1
It follows that lim fn(z)dzr = —; and yet fol f(x)dx = 0.

n—oo J 2

EXAMPLE 9. For each positive integer n € N, let E,, be the set of numbers of the form z =

g, where p and ¢ are integers with no common factors and 1 < ¢ < n. Define f,(z) =

0; =& FE,
rational, then x € E,, and f,,(z) = 1 for all sufficiently large n. Therefore

1; E
{ p TE Sm . If x is irrational, then x ¢ FE,, for any n, so fy(z) = 0, n > 1. If z is

1; reQ

fl@) = lim ful2) = { 0; z¢Q =R/Q
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5 Small Overview On Uniform Convergence

EXAMPLE 10. Let g, g2, . . . be an enumeration of the rationals QN [0, 1] in the interval I = [0, 1].
Consider the functions f,,[0, 1] — R defined by:

0; otherwise

Then the functions f3 converge pointwise to the f which is equal to 1 on the rationals and 0 on the
irrationals. Each f,, is integrable because it is discontinuous at only a finite number of points. But

1, ifxe{qg:keN}

the pointwise limit is the Dirichlet function f(x) = { This function is

0; otherwise
not integrable on [0, 1].
2n
EXAMPLE 11. Let (f,,) be defined by f,,(x) = T3 2% € R and n € N. Therefore the limit
x
function is given by
1.2n 0; |.%" <1
—_ 1 — e — 1. =
f(2) = lim fo(z) = Tm o7 =4 55 Jol =1
1; x| >1

Note that each f,(x) is continuous on R but f is not continuous at £1.

o0

Definition 2. [Pointwise Convergent Series of Functions] The series >, u,(z) is said to be point-
n=1

wise convergent (or simply convergent) on Ey C E with sum s € F(Eg;R)Y if the sequence

(5,) € F(E;R)N of partial sums converges (pointwise) to the function s on Ep. In other words,
if
s(z) = lim s,(x); Vo € Ey

n—oo

o0
EXAMPLE 12. Consider, the series Y, uy,(x), where, for each n € N, u,(z) = 2™ for all x €

n=1

o0
(—1,1) and ug = 1. Then the series Y wu, () is (pointwise) convergent on (—1, 1) with sum

n=1

oo o0 1

_ . n __

s(x) = Zun(x) = Zaz =1
n=1 n=1
. . T x
ExAMPLE 13. Consider the series + 4+ --- ;x> 0. Here

z+1 (z+1)2x+1)

1 1 1

Sp(x)=1-—

un() = (n—l)x—i—l_nac—l—l;

Thus, when x > 0, lim S,(z) = 1 and when x = 0, lim S,(z) = 0 as S,(0) = 0. Let
n—oo n—oo
y = Sp(z), then (y — 1)(z + 1) = —1. The curve y = s(z), when z > 0,
As Sy () is certainly continuous, when the terms of the series are continuous, the approxima-
tion curves will always differ very materially from the curve y = s(z), when the sum of the series
is discontinuous.
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6 Small Overview On Uniform Convergence

consists of the part of the line y = 1

for which z > 0 and the origin. As Sn(x)
n increases, this rectangular hyperbola
(Fig. 5) approaches more and more

closely to the linesy = 1, x = 0. If

we reasoned from the shape of the ap-

proximate curves, we should expect to O T
find that part of the axis of y for which
0 < y < 1 appearing as a portion of
the curve y = s(z) when x > 0.

Figure 5: Example 13.
nx

In this case, S,(z) = ——— and

1 + n2z?
Sy () nl;ngo Sp(z) = 0 for all values of z.
0.5 - s~ eeemmmmmee e The sum function s(z) of the series is

continuous for all values of z, but we

=9 shall see that the approximation curves
differ very materilly from the curve

y = s(z) in the neighbourhood of the

¢ origin. The curve y = S, (z) has a

O

Figure 6: Example 14. maximum

oo
. . nx (n—1)z
EXAMPLE 14. C der th , where, = — .
onsider the series 321 un (), where, uy, () Tt n%? 13 (o)
at (3, 1) and the minimum at (—,—21) as depicted in the Fig. 6. The points on the axis of

x just below the maximum and minimum move in towards the origin as n increases. And if we
reasoned from the shape of the curves y = S,,(z), we should expect to find the part of the axis of
y from —% to % appearing as a portion of the curve y = s(x).

o
EXAMPLE 15. Find the sum function of Z(cos x)" on (0, 7).
n=1

o0

Solution: Let (S, (x)) be the sequence of partial sums of the series ) uy(z), where, u,(x) =
n=1
(cosx)™. Thus
Sp(z) = cosx + cos® & + -+ - + cos" x = ﬂ(l —cos”m)
1—coszx
lim S, (z) = lim ﬂ(l — cos"x) = ﬂ; as|cosz| < lforO <z <
n—00 n—oo 1 —cos 1—cosz
Therefore, the sum function is given by S(z) = nlgglo Sn(x) = 22— for 0 <z < 7.

3 Uniform Convergence

The pointwise limit of a sequence of functions may differ radically from the functions in the
sequence.
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7 Small Overview On Uniform Convergence

(i) In Examples 1 and 2, each f,, is continuous on (—oo, 1], but the limit function f is not
continuous.

(i1) In Example 4, the graph of each f,, has two triangular spikes with heights that tend to oo as
n — oo, while the graph of f(z) (the z-axis) has none.

(iii) In Examples 5 and 6, each f,, is differentiable at xg, while the limit function f is not differ-
entiable at o or even if f/(xg) exists, the (f} (xo)) exists need not converge to f/(xo).

(iv) In Examples 8 and 9, each f,, is integrable, while the limit function f is non integrable in
any compact interval.

There is nothing in Definitions 1 and 2 to preclude these apparent anomalies.

Definition 3. [Uniformly Convergent Sequence of functions ]: Let £ C R. We say that a sequence
(fn) € F(E;R)N converges uniformly on Ey C E to a function f : Eg — R if, corresponding to
ane > 0, 3N = N(e) € N, depends on ¢ only, such that

|fn(z) — f(x)] <e; whenevern > N and Vz € Ey 3)

We interpret the uniform convergence in a geometric way. Draw the graphs of f,, and f.

Put a band of width ¢ around Y
the graph of f. Condition (3)
states that if € is any posi-
tive number, then for n > N
the graph of y = f,(x) lies
entirely below the graph of
f(z) + € and entirely above

the graph of f(x) — ¢ as de-
picted on the Fig. 7. Thus O

f vertical ra- . . . .
draw a tube 1V of vertical ra Figure 7: Geometrical significance of uniform

dius ¢ around the graph f. convergence

For n large, the graph of f,, is contained in the e-tube V' around the graph of f. Notice that the
special feature of uniform convergence is that the rate at which f,, (z) converges is independent of
x € E. For example,

EXAMPLE 16. Consider, the sequence (f,(x)), as in Example 1). The sequence (f,(x))n,

1
10°
Eq. nm (3), when n is large. The graph of f,,, as depicted in the figure 8, fails to lie in the e-tube

Indeed, if for e = the point z,, = ’\‘/g is send by f, to % and thus not all points z satisfying

V. Here, f,,(x) is converging very rapidly to zero for 2 near zero but arbitrarily slowly to zero for
z near 1.

EXAMPLE 17. Prove that for the sequence (f,), f, — f pointwise on a finite set £(C R) the
convergence is uniform.
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8 Small Overview On Uniform Convergence

of functions, where, f, : (0,1) — Ris
given by f,,(z) = 2™ for all x € [0, 1],
as depicted in the Figure 1. For each
x € (0,1) it is clear that f,(z) — 0.
The (pointwise) limit function, f, is

0; ifo<z<l1
xr _ ’ = )
f(x)—{ 1; ifr=1

Figure 8: Non uniform, pointwise con-

Here the convergence is not uniform.
vergence.

Solution: Let £ = {x;,z2,---,x,} be a finite set in R. Since the sequence (f,) converges
pointwise to f, so Ve > 0, 3Ny = Ni(zg; ) such that

| fr(zr) = f(zr)| < &Vn > Nk = 1(1)n.

Let for a pre-assigned ¢ > 0, max Ny (zx;e) = N(e). Therefore,
T €

|fn(z) — f(2)] <&;Vn > N(¢)and Vo € E
As N(e) depends on ¢ and not on z, (f,,) converges uniformly to f on E.

EXAMPLE 18. Let f,(z) = L forz € Ras depicted in the Fig.. The sequence (f,(0)) is a
n
constant sequence (0). Hence the limit function is f = 0. More generally, if a € R, we get () as
the pointwise sequence.
where, f,,(z) = 2", forall z € [0;1] as
depicted in the Fig. 9. For z € [0,1).
We then have lim f,(x) = 0. On the
n—a~oo

other hand, lim f,(1) = 1. The se-

n—aoQ
quence is therefore point wise conver-
gent on [0, 1]. We note, however, that
the limit function

X .
0, ifo<xr<l,
-}

@),
1; ifr=1

In(1 + n22?)

EXAMPLE 19. Show that (f],(x)) is uniformly convergent on [0, 1], where fy,(x) =
n

forz € 0,1].

Solution: Consider the sequence of functions (f,) , defined by f,, : [0,1] — R, where, f,(z) =

1 1 2.2
M;x € [—k,k],k > 0, as in the Fig. 10(a). Then (f,) converges uniformly to

2n

n

f(xz) =0o0n[0,1]. Now, f/(z) = Y _forze [0, 1], as depicted in the Fig. 10(b). Clearly,

1+ n2x?’
fn(0) — 0,as f,(0) =0forall n > 1. Let x # 0. For a given £ > 0, we see that
2nx 2
TRAE NN
[ fa) =0 1+ n222| — nlz| c
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9 Small Overview On Uniform Convergence

1 fi

| T T
0 @ 1 o) (b) 1

Figure 10: Figures of f,, and f},

2 2
whenever n > —. Letus take N = [—] + 1 € N, then
elz] elz|

|fi(x) — 0| < eforalln > N

Therefore, (f} (x)) converges everywhere to the function f’(x) = 0 (Fig. 10(b)). Observe that N
depends on both x and . Let

2x
M, = sup |fi(x)— f(z)|= sup ———— = sup g(z).
me[o,1}| (=) @) zefon] 1+ 1222 o] (=)

Then ¢'(x) = 20=n22%) " and ¢'(z) = 0implies z = 1 € [0, 1]. Thus

(1+TL2SE2)2’
2z 1 1
M, = sup |fl(z)— f(z)|= sup ———— = fL(—)=—.
xeml (z) = f(2)| S TT i ()=~

Hence, M,, — 0 as n — oo, and consequently (f,) is uniformly convergent on [0, 1].

o0

Definition 4. [Uniformly Convergent Series of Functions ]: The series ) wu,(x) is said to be
n=1

uniformly convergent on Ej if the sequence (s,,) of partial sums is uniformly convergent on Fj,

i.e., corresponding to a € > 0, 3 N(¢) € N such that

‘sn(m) - s(m)’ < €, whenever n > N and Vz € Ej 4)
o0
where s,,(z) is the n'" partial sum of the series > u, ().
n=1

THEOREM 1. If (f,,) converges uniformly to f on E, the (f,,) converges pointwise to f on E. The
converse is not always true, i.e., pointwise convergence does not imply uniform convergence .

Proof:

RESULT 1. John Kelley refers to the growing steeple: Consider, the sequence (fy,(x))n,

So there is no question of uniform convergence. Even if the function have compact domain of
definition, and are uniformly bounded and uniformly continuous, pointwise convergence does not
imply uniform convergence.
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10 Small Overview On Uniform Convergence

where, f, : [0,1] — R defined as, forn > 1,

1
n’z; for0 <z < —
n
2 1 2
falx) =< 2n—n’z; for— <ax <=
n n
2
05 for= <z <1
n
defined on (—o0, 00), as depicted in the Fig. 1. |J/ 7

Here nh_)rrolo fn(x) =0, for all z and f,, converges
pointwise to the function f = 0. The graph of
fn» as depicted in the figure 11, fails to lie in the
e-tube V.

X

Figure 11: Graphical representation of

fn(z)
3.1 Test for Uniform Convergence

THEOREM 2 (Weiestrass M,, test). A sequence (f,) € F(E;R)N, where E C R; converges

uniformly on Ey C FE if and only if, corresponding to an ¢ > 0, AN = N (e) € N, depends on ¢
only, such that

M, = sup{\fn(:v) — f(z)|:z € Eo} <¢e; whenevern > N

Proof: Necessary part : Let (f,,(x)),, converges to f(z) uniformly on Ej. Then corresponding
toan e > 0, AN € N such that

|fu(z) = f(z)| <€ forn > N, Vo € Ey
= M, :sup{\fn(x) — f(z)|:z € Eo} <eg, forn >N
= M, — 0asn — oo.

Sufficient part : Let M,, — 0 as n — 00, so corresponding to an € > 0, 3/V; € N such that

‘Mn—O‘ < e, forn> Ny = M, <e, forn > N;
= sup{\fn(x)—f(xﬂ:$EE0}<5, forn > N;
= | fa(z) — f(z)| < eforn > Ny;Vz € Ey

Therefore, f,,(z) — f(z) uniformly on Ej. O
EXAMPLE 20. Consider, the sequence (f,(z))n, where, f,(x) = %;x € [a,b]. For any
nx
x € la,b],
fla)= lm_folx)= lm oy =0
v _ngloo T _nlnoo1+n$2 o
Therefore, (f,,(x)), converges pointwise to zero on [a, b]. Now,
x x
| fu(z) — fl2)| = ’m - ‘ BT g(z)(say).
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11 Small Overview On Uniform Convergence

For, z > 0, using A.M. > G.M., we have

%+nx> 1 N T < 1
fr— >/ —nz
2 VNV 1+n2?2 = 2yn

Therefore, f,(x) = ﬁ, when x = ﬁ € [a, b]. Thus,
Mn:sup{‘lfw—()‘ x €0, oo)} 2\7—>0asn—>oo

Therefore (f,(x)) is uniformly convergent on [a, b].

EXAMPLE 21. Consider, the sequence (f,(x)),, where, f,(x) = a” for all x € [0,1]. The
0; if0<zx <1,

(pointwise) limit function, f,is f(z) = Y ow
1; ifr=1

lim M, = hm sup{|x f(x)\:xE[O,l]}: lim 1=1+#0

n—oo n—00

Therefore, the convergence is not uniform.

EXAMPLE 22. Consider, the sequence (f,(x))n,, where f,, : R - R

defined by f,(z) = y/z?+ %,
n € N, as depicted in the Figure
12, for all x € R. Here we clearly
have nl£>noo fn(x) = |x| for all _ 4
x € R. So, the sequence (fy,(z))n
has pointwise limit f(z) = |z|,
forall z € R. Now

Figure 12: Graph of f;, as in example 22
1 1
M,, = sup ‘\/$2+——|x|’ xE]R}—sup{ /n ZL‘ER}: /n
lim M, = hm sup ‘\/$2+——|x|‘ J:E]R}— lim — =0
n—00 n—)oof

Thus the convergence is uniform. We draw an e-band around the limit function. Indeed, the graph
of f, as depicted in the figure 12, lie in the e-tube V. This also ensures geometrically that the

convergence is uniform.

sin(n%x)

EXAMPLE 23. The sequence (fy,(z))n, where, fp(z) = forall z € Rand n € N has

. 2 1
pointwise limit f(z) = 0, for all z € R. Since ‘sm(n z) ‘ —,forallz € Randn € N, so
n n’
. 2 1
lim M, = lim Sup{ Sm(”x)—o‘ ::UE]R}: lim = =0

n— 00 —00 n n—oo N

Thus the convergence is uniform.
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12 Small Overview On Uniform Convergence

EXAMPLE 24. Consider, the sequence (f,,(x))n,, where, f,(x) = i 1 for all z € [0, 1]. For a
n

given z € [0, 1],

. _ x
Therefore (f,,(x)) converges pointwise to zero on [0, 1]. Now,

x x
|[fa(@) = f@)| = | = = 0] = — = g(@)(say).

Then, ¢'(z) = W > 0,Vx € [0,1], so, g(x) is strictly increasing function on [0, 1]. Thus

g(x) attains its maximum value at z = 1. Therefore,

T

1

M, = sup {fn(a:) - f(a:)‘ = sup
z€0,1]

IG[O,I] nr + 1 - n -+ 1

Now , M,, — 0 as n — oo. Therefore (f,,(x)) converges uniformly to 0 on [0, 1].

EXAMPLE 25. Consider, the sequence of functions (fy,(z))y, where, f,(z) =

)

Figure 13: f,(z) forn =1,2,3,4,5.

nxr
m for all

x € [a,b], containing 0. The graphs of f,, for n = 1,2, 3,4 are shown in the Fig. 13. For any

x € [a, b] containing zero,

fz) =

. nT
lim

lim f,(z) =

n—aoo

Therefore, (f,(x)), is converges pointwise to zero on [a, b]. Now,

[Fa(@) = F@)] = | 5503 =

0l = ——
1+ n2z2

. Thus ¢'(z) =0 = = = £1. Also

n—oo 1 4+ n2x2 -

= g(z)(say).

(14 n222)2 - (—2n%z) + 2(1 — n%2?) - 2(1 + n%a?)

(1+ n2x2)4
3 — n2x?
_ 3
1= —2n°x - 7(1 n n2x2)4 ’z:% —

n

o,  g"(x)

Thus g(x) attains its maximum value at z = 1/n. Therefore,

nx

Mn:SUp{’l—i—n%Q B

<0

0‘:x€[a,b]}:%
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13 Small Overview On Uniform Convergence

Now , M,, - 0 as n — oo. Therefore (f,(x)) is not uniformly convergent on any interval
containing 0. Also, The graph of f,,, as depicted in the figure 13, fails to lie in the e-tube V, about
f =0, so that non uniform convergence is verified.

EXAMPLE 26. Consider, the sequence (f,,(x)),, where, f,(x) = fn(z) = nxe_m’g,x € 0. 00).
For any z € [0, 00),

n—>o0 n—>oo N n—>00 x26nx2

Therefore, (f,,(z)), is converges pointwise to zero on [0, c0). Now,

nx

ena?

nx

[Fal@) = F@)] = | 255 — 0] = =5 = gla)(say)

n — 2n2x?

1
Then, ¢'(z) = ——. Thus ¢'(z) = 0= n — 2n?2? =0 = . = +——. Also

ent \/%
2nr? — 3
g"(x) = [2n2m7( — )} . <0
=T 4 =T
Thus g(x) attains its maximum value at z = ﬁ Therefore,

nx [n
Mn:sup{‘emz —0‘ tx € [0,00)}: %

Now , M,, - 0 as n — oo. Therefore (f,,(x)) is not uniformly convergent on [0, o0).

EXAMPLE 27. Thus for the sequence (f,), f,, — f pointwise on a point set £ C R, the conver-
gence is uniform.

EXAMPLE 28. Verify that the sequence (f,), where f,(x) = nsinv4n?n? + x? converges uni-
formly on [0, k], k > 0. Does (f,,) converge uniformly on R?

Solution: The function sin v/472n2 + x2 can be written as

2
sin \/4m?n? + 22 = sin <2nm/ 1+ L +2nm — 2n7r)
4Am2n?

2
T 1)
4m2n2

= sin (\/ 4m2n2 + 22 — 2n7r> = sin

Therefore, the limit function f is given by

= sin2n7r( 1+

2

X
VAT2n? + 22 + 2nm

2

flo) = g Ju(@) = Jin n s e

2 2

. €T 1 €T 3
= hmn{ _7( ) _|_]
n—oo  L\/4r2n2 + 22 4+ 2n 3! \VAr2n2 + 22 + 2nw
x2 1 x2 3 x2

/ | /
n— 00 471’2 + % +or 3n 471'2 + % +or 47
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14 Small Overview On Uniform Convergence

3
. . o
Now, using the fact that sina > o — 3 we get for = € [0, k],

2

’——nsm\/4712n2+x2’—)——nsm T ’
VAar2n2 + 22 + 2nw

2

x? 1 €T 3
N S 1
4dr 47202 + 22 + 2nw - 3! \V4Ar2n2 4+ 22 + 2nm
k2 2 kS
<7(1— >+ﬁ—=Mn(saY)

= 1 Q73,3
4 14 /1+47rn2 3! 8n 7

Now, M,, — 0 as n — oo, so the given sequence of functions is uniformly convergent on [0, k|.

, we obtain

‘— — nsin V4?2 n2+:v2‘ = ‘— — nsin

$2

VATIn2 + 22 + 2n7r‘

1:2 2

x x 2
2 et 2l ).
4T Am2n? + 22 4+ 2nw 4m 14+ 4/1+ 22,

47men

which shows that the convergence cannot be uniform on R.

THEOREM 3 (Weierstrass M, test for the series of functions). The series Z un () defined on 1

n=1
is uniformly convergent on I if 3 a sequence of positive constants { My, } such that

a) ‘un(:v)‘ < M,,Vn b) XM, is convergent

Proof: Let S,, is the n'" partial sum of the series > u,, (). Then
n
Sn(x) = ui(z) +uz(z) + -+ up(z) = Zur(x)

Let € > 0 be chosen arbitrary,since » | M,, is convergent by Cauchy’s criteria, 3INy(e) € N such
that

|P, = Pn| <€, forn >m > Ny,
where, P, = n'" partial sum of 3" M,,. Therefore,
Mpi1+ Mpqo+ -+ M, <e, forn >m > Ny

Therefore, if n > m > Ny we obtain

Sn(m)—Sm(:v)‘ - ’iur(fc)—zmjur(m)‘:‘ Zn: ur(m)‘
= r=1

r=m+1

IN

n
Z ’ur(x)‘g Z M, < e, forn >m > Ng,Vx € 1
r=m+1 r=m-1

Therefore ,>u, (x) converges uniformly on I.
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15 Small Overview On Uniform Convergence

EXAMPLE 29. Consider the series of functions Z 2 ona € (—o00,00). Here
n=1
sin nx 1
(@) = T = Jun(@)] £ — = My, Vo € (—o0,00)

Now, Z M, = Z — is a hyperhermonic series with p = 2 > 1, so convergent. Therefore, by

Weierstrass M, test, the given series of functions is uniformly convergent on (—o0, 00).

EXAMPLE 30. Consider the series of functions Z %na:?) € [a,b)].
() z N ‘ z ‘ 1
un(x) = —
i n(1 + nx?) n(l +na?)l ~ n2

Now, Y M,, = Z isa hyper hermonic series with p = 2 > 1,so convergent. Then by M, test

T
the given series of functions ———— is uniformly convergent on |a, b|.
g Z ) y g [a, b]
. sinnz
EXAMPLE 31. Consider the series of functions Z ,p> 1,2 € R. Now
n=1
sin nx 1
’ < —; Ve eR
np npP

o0

1
The series Z 3 is a Hyper-harmonic p-series with p > 1 and hence convergent. Therefore, by
n

n=1
Weierstrass M -test the given series of functions is uniformly convergent for all z € R.

2. sin(na? 4 2?)

EXAMPLE 32. Consider the series of functions E ,x € R. Now
n(n+1)
: 2 2
1 1
‘sm(nx —1—33)‘ <Ll vrer
n(n+1) n(n+1)  n?

o0
. 1. . . .
The series g — is a Hyper-harmonic p-series with p = 2 > 1 and hence convergent. Therefore,
n

n=1
by Weierstrass M -test the given series of functions is uniformly convergent for all x € R.

EXAMPLE 33. Test the covergence for ¥ on any finite interval [a, b].

nP + x2nd

(6]
.’L')’: ‘np—i-xan‘ Sﬁ:Mn(Say)

Now, ZM Z — is a hyper harmonic series with p > 2, so convergent. By M,, test

Z 1”—#72 is unlformly convergent on [a, b|.
n

Case-II: Let 0 < p < 1landp+ q > 2. Then ‘un ‘ attains its maximum value sat the

1
an(pt+a)/
point where 2?n? = nP. Now ,Y_ M,, is a hyper hermonic series converges as p + ¢ > 2.

Hence by M, test the given series uniformly convergent.

Dr. Prasun Kumar Nayak Home Study Materiel



16 Small Overview On Uniform Convergence

EXAMPLE 34. Prove or disprove: Z 27" cos(3"x) represents an everywhere continuous func-

. n
tion.

Solution: Let s(z) = >, 27" cos(3"x) = >, un(x), where u,(x) = 27" cos(3"x);n € N and
z € R. Thus

1
|un(z)] = 127" cos(3"x)| < o= M,, say,Vn € N

Now >~ M, = 3" 5= = 1. So the series Y M, is convergent. Hence, by Weierstrass M -test, the
given series is uniformly convergent on R. Again, u,(x) = 27" cos(3"x) is continuous Vx € R
and Vn € N. So the sum function f is everywhere continuous on R.

EXAMPLE 35. Consider the series Y uy(z) for which the sum to first n-terms is S,(z) =
1 4,.2
L+ 7707 4 < 1. Here
2n?
S(z) = lim Sp(x)=0; 0<z<1
n— oo
S8 (z) =0; Vo e [0,1]

Again,
Thus we see that Y u,,(x) does not converge uniformly on [0, 1] but the series may be differ-
entiated term-by-term.

0; ifx <0
. 1
EXAMPLE 36. Define a function f(z) = na?; 1If0 <z < 9,  The sequence of func-
1
Y
v = o <w<oo

. . . . . 0; ifz<O0
tions ( f,,) converge uniformly on the entire real line R to the function f, where, f(z) = 20

x;, ifx

Notice that each of the functions f;, is continuously differentiable on the entire real line, but f is
not differentiable at 0.

THEOREM 4 (Cauchy’s criteria for Uniform Convergence). Let E C R and (f,) € F(E;R)N.
Then (fn)n converges uniformly on Ey C E if and only if, corresponding to an € > 0, AN =
N(e) € N, depends on e only, such that

’fm(:z) - fn(x)‘ < e; whenever m,n > N andVzx € Ey

Proof: Necessary part : Let (f,,(z)),, converges uniformly on Ej to a limit function f(x). Then
corresponding to an € > 0, 3 positive integers N1, No € N independent of x such that

Fulz) — f(x)‘ < % forn > Ny and Vz € Ey
‘fm(az) - f(:n)‘ < % for m > Nj and Vz € Ey
Let N = max{Nj, No} € N, then Vx € Ej we have
@) = fa@)| = | fna) = F@) + F(@) = fula)
< | @) = 1@)] + [ fal@) - £(@)
%+§:€, forn > N.
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17 Small Overview On Uniform Convergence

Therefore, the condition holds.
Sufficient part : Conversely, if the condition of the theorem is satisfied, then, for each x € Ej,
the numerical sequence (f,,(z)), is a Cauchy sequence in R and hence converges. Let

flx) = lim f,(z); Vx € Ejp.

n—oo

For a given € > 0, we can find N € N such that
‘fm(:c) — fn(a:)‘ < ¢e; whenever m,n > N and Vz € Ej
For fixed n, let m — oo in the above equation, we find that
’f(a:) — fn(x)’ < e; whenever n > N and Vz € Ey

Since ¢ > 0 was arbitrary, it follows that, sequence of functions ( f,,()),, converges to f uniformly
on F, as desired.

Deduction 3.1. A sequence (f,) € F(E;R)Y, where E C R; converges uniformly on Ey C E if
and only if sup {|fm(x) —falz)| 2z € EO} — 0asm,n — 0.

EXAMPLE 37. Determine whether the sequence ( f,,) of functions converges uniformly on E:

$2

:m,E:[O,l] b) fn(m):\/n+1sinna§ COS$;E:R

a) fﬁ(x)

c) fulz)= 32"+ |z E=R

Solution: a) The limit function f is given by

fo) = g () = i e e
Now, f;,(z) = % so, f1(z) =0 gives z = % Thus

2

T 1
Mom s [ o (Y =1
" :EE[OI,)I] 2?2 + (nx —1)2 Jn n

As M, / 0 asn — oo, hence by Weierstrass M, -test the given sequence of functions is not
uniformly convergent on .
b) The limit function f is given by

f(z) = lim f,(z) =cosz lim vn+ 1sin"z = 0.
n—oo n—oo
Here, we use Weierstrass M,,-test. For that

M, =sup |[vn + 1sin"z cosz| = vn + lsup|sin" z COS$)
z€R T€R
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18 Small Overview On Uniform Convergence

Now we calculate supreme value of g(x) = sin"z cosz, Now, logg(x) = nlog(sinz) +
log(cos ), thus the supreme value of g is given by the equation tan? z = n. Thus,

n \n/2 1
M, = +n+1lsup|sin"zx cos:c‘:\/n—i-l-( ) .
" xeﬁ n+1 vn+1

= ( i )n/2—>i74>0asn—>oo

n+1 Ve

Hence by Weierstrass M,,-test the given sequence of functions is not uniformly convergent on FE.

¢) The limit function f is given by

, , . || 2 o] <2
= — /on n — —

() = Jim fule) = lim /BT = lim 241+ (F)" = 4 ol S
We see that, all f,’s as well as the limit function is continuous, which implies that convergence is
uniform.

EXAMPLE 38. Determine whether the sequence (f,,) of functions converges uniformly on E:

0) fulz) = M;Ez 0,1] b) fale) = na"(1—2); B = [0,1]

2
¢) fo(z) =tan™? (7172 fn3>;E =R

Solution: a) The limit function f is given by

1 1.
=1 = lim —————= =< 2
f(z) nlanc}ofn( z) = nLool—l—(nx—l) { 0; z€(0,1]
We see that, all f,,’s are continuous on £, while the limit function is not continuous, which implies

that convergence is not uniform.
b) Since 2"(1 — z) — 0 as n — o0, so, the limit function f is given by

f(z) = nhﬁ\l{.lo fo(z) = nlglg)lc> nz" (1 —x) = 0.

Now, f/(z) = nz" tn — (n + 1)z], so, f,(x) = 0 gives z = . Thus
n n"
M, = sup |n2z"(1—2x)—0|= ( >:
! a:E[OI,)l]’ ( )= 0=t n+1 (n+ 1)+t
1 1 1
n—00 n—oo n 1 €
(1+3)

Hence by Weierstrass M,,-test the given sequence of functions is uniformly convergent on F.
¢) The limit function f is given by

f(z) = lim f,(x) = lim tan™! (L> =0

n—00 n—00 2+ ns

Now, f/(z) = e S 11 (z) = 0 gives x = ny/n. Thus

122+ (22+4n3)2>
M,, = sup | tan ! (2273> 0‘ fn <nf) = tan ! ( )
zeR e +n n\f
Therefore, M,, — 0 as n — o0, so by Weierstrass M,,-test the given sequence of functions is

uniformly convergent on E to 0.
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o
EXAMPLE 39. Determine whether the series Y, u,(x) of functions converges uniformly on E:

n=1
a) up(z) = T _tan~! <n2(1+x2)>'E =R b) up(z)=2" Sini'E = (0,00)
2 Y 3nx7 ?
2
x
n(@)=In(1+———); E = (—=k, k), k
c) up(x) n( +n-ln2n> ( ), k>

0

Solution: a) We know, tan =z + cot !z = tan "1 2 + tan~! 1 = Z. Using that identity, we get

_ 7 —1(.2 2\) _ -1 1
un(ﬁl':) = 5 — tan (TL (1 +x )) = tan m
1 1
< - <=M, V2 € R.
n?(1+4 22) — n? n( say); Ve
o oo
Now, > M, = > # is a hyperharmonic series with p = 2(> 1), so convergent. Therefore, by

n=1 n=1

Weierstrass M,,-test the given series of functions is uniformly convergent on R.
b) For the problem, we use Cauchy criterion for uniform convergence. Let S, () be the n'"
partial sum of the series, then it is given by

1 1 1
Sn(a;):2sin3—x+22sin32—x+-~+2nsin%

1 s
If0 < Ing S bL then

Snim(@) — Su(z)] = 2" sin B"il:r b 2 3m_1mx
> 2 % 3”}“1;10 ooz % 3m‘1'“"x
> 2 % 3”1155
Putting, x = 3%, we obtain

men(gs) 5050|257 2 55

Thus by Cauchy criteria, the series of functions does not converge uniformly on E.

¢) Here, we use the Weierstrass M, -test. Now

2 2 4

22 k2

n-In’n n-ln®n

n-In’n  n2-In*n

- M,

2

o0 o0
By Cauchy’s condensation test the series > , M, = > is convergent. Therefore, the given
n=1

n=1
series of functions is uniformly convergent on F.

k
n-n®n

oo
EXAMPLE 40. Determine whether the series »_ u,(x) of functions converges uniformly on E:
n=1
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n

a) un(z) = %;E =R b) un(z) = Siri%x);E = [0, 27}
2
c) up(x) = M;E =R

n2
Solution: a) Let S, (x) be the n'" partial sum of the series. Then, for any n > 1, we have

nm
Sup |50 (2) — St ()] = sup | @)| > | faln)] = 25 > 1
zeR z€R n:

Thus by Cauchy criteria, the series of functions does not converge uniformly on F.
. o . 2z )
b) First note that we do have pointwise convergence. Next notice that — < sinx for any

s
xr € [0,%]. Letn > 10 and h € N such that 2n < n + h < n/n%. Thus for any & € N with

k
n§k<n+h,wehave—<E.Hence

nyn 4

Sm(’f)ﬂ’f:"*hlsm() "f”k
nyn/ = wnyn o Vk ny/n = VT nyn
n+h n+h n+h
1 k 2 Vk 2 2
orl Zism(i)z —LzZ—ﬂz—
k:n\/E ny/n il ny/n ~mny/n T ow

n+h
1 2
This obviously show that sup > — forany n > 0 and h € N such that

|3 e ()=

2n < n + h < ny/n%. Therefore, the convergence will not be uniform on [0, 27].

¢) Here, we use the Weierstrass M,,-test. Now

sup
zeR

< — = M,(say);Vz € R.

cos?(nx) 1
’ n?

i) ~0] = e |5

[e.°] o0
Now, > M, = > # is a hyperharmonic series with p = 2(> 1), so convergent. Therefore, by
n=1 n=1
Weierstrass M,,-test the given series of functions is uniformly convergent on R.
THEOREM 5. [Dini’s Theorem of uniform convergence of a sequence | Let I C R be a compact
interval and suppose that (f,) € F(E;R)N is a sequence of continuous functions converging
pointwise to a continuous function f : I — R. If (f,,) is increasing (i.e., fn(x) < foy1(x) for
all z € I and n € N) or decreasing (i.e., fp(z) > foyi(x) forall x € I and n € N), then (f,)
converges to f uniformly on I.

Proof: The uniform convergence of (f,) to f is equivalent to the uniform convergence of (f — f,,)
(or fr, — f)t00. Let g, = f — fp, (resp. gn = frn — f) if (fy) is increasing (resp., decreasing).
Then (g,,) is a decreasing sequence of continuous nonnegative functions converging pointwise to
0 on I. The theorem is proved if we show that this convergence is in fact uniform on I. Lete > 0

be given. For each = € I lim g, (x) = 0 implies that we can pick N (z) € N with gy (,)(z) < %
Since gn () () is continuous at z, there is a §(x) > 0 such that
IN@) (1) <& Vte (v—0(x),r+0(x)) (%)
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Since [ is compact, we can cover I by a finite number of intervals I, = (z, — 0(z,),z, +
d(zr));1 <7 < k.Let N = max{N(x1), N(z2),---,N(x)}. Now, for any ¢t € I, we have
€
t € I, for some r and, by Eq. (5) gn(a,)(t) < 5 But since N > N(z,) and (g,) is decreasing,

we have

0<gny < gN(xT)(t) <e¢ Vtel
Therefore, we indeed have
gn(x) < gn(z) <ée; forn > NandVx € [
and the proof is complete. a
EXAMPLE41. (i) Consider the sequence (f,,), where, f,(z) = 2" 1(1 — z); z € [0, 1]. Now

lim f,(z) = lim 2" (1 —2) = 0; forz € [0,1]

n—oQ n—o0

The sequence (f,,) converges on [0, 1] to the function f(z) = 0 for z € [0, 1]. Each f,, is
continuous on [0, 1], also f(z) is continuous on [0, 1]. Now, for each each x € [0, 1]

fori(@) = ful@) = (2" —a"") = (@1 —a")

—z" Yz —-1)2<0

i.e., (fn) is monotone non-increasing for each = € [0, 1]. By Dini’s Theorem 5, the conver-
gence of the sequence is uniform on [0, 1].

(ii) Consider the sequence (f,), where, fi(x) = Vx, fu(x) = \J/zfr_1(x); forn > 2, x €
[0, 1]. Therefore, fo(x) = Vo - 21/2 = x%+2%, ey folz) = grtartotaw

Atz = 0, lim f,(z) = lim s = g, e, (fn) converges to f on [0, 1], where
n—oo n—oo

f(z) =z, x € [0,1]. Each f(x) converges to f on [0, 1]. Each fz) is continuous on [0, 1]
and the limit function is also continuous on [0, 1]. Also

1 1 1

1
. +“.+27n[xﬁ_1}

fari(@) = falz) =22 22

Therefore, (f,,) is monotone decreasing on [0, 1]. By Dini’s Theorem 5, the convergence of
the sequence is uniform on [0, 1].

RESULT 2. The following examples shows that each of the conditions (compactness of F, con-
tinuity of the limit function, continuity of f,, and monotonicity of the sequence (f,)) in Dini’s
theorem 5 is essential.

(i) To show that the compactness of F is essential, consider f, : (0,1) — R defined by

1
fulx) = T n for z € (0, 1). The sequences has pointwise limit f = 0. Now
n

My = sup |[fu(z)— f(z)| = 1.
z€(0,1)

As M,, / 0 asn — oo, therefore, the convergence is not uniform.
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The assumption of continuity of

fn can not be omitted. Consider
1
(@) 0; ifx=0or—<zx<1 Yy
falx) = n 1 )
1; if0 <2< — L
n

as depicted in the Fig. 14, are not contin-
uous. They form a monotonic sequence
pointwise convergent to zero on [0, 1], but

1 X

S -

the convergence is not uniform. Figure 14: Graph of f,,

(ii) The continuity of the limit function is also essential. Indeed, the sequence f, : [0,1] — R,
defined by f,,(x) = z™; for z € [0, 1] fails to converge uniformly on [0, 1] as in the Example

16.

(iii) Consider, f, : [0,1] — R defined by

4 fn(@) =
{7 Sy " . 1
' 2n2:c; fo<oe<—
' 2n
: 1 1
' 2 1 . o
. n—2n (x—%>, 1f%<:c§ﬁ
: 1
d L 1 0; if —<zx<1
2n n n

Figure 15: Graph of f,, as depicted in the Fig. 15
The functions f,, () are continuous and form a sequence which is pointwise convergent to
zero function on [0, 1]. Therefore, fol f(z)dz = 0. Now, for each n € N,

1/n 1

/Olfn(:v)da: = /O;n27123:al:1:—i-/1 {n—2n2(x—21n>}d:c+/l/n0dx

2n

2L 2 1/n 1
xz 2n T X
n 5 lo + |nx n 5 o)) L 5

1 1
1
Therefore, lim fu(x)de = 3 #0 / f(z)dz. So the convergence is not uniform.
0

n—oo Jq
T

EXAMPLE 42. Let uy, : [1,2] — R be defined by u,(x) = o
x

o
(i) Show that Z un (x) converges for x € [1,2]

n=1

(ii) Use Dini’s theorem to show that the convergence is uniform.

2 , > oo 2
(iii) Does the following hold: / (Z un(x)> dr = Z / U ()dx?
1 n=1 n=1"1
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Solution: (a) Let ﬁ < 1, thatis, |1 + x| > 1. Then, we observe that

ad T 1
=1
g 1+ax)" x; 1—|—x 1—|—x 1— L
o0

14+x

So, in particular, ) wuy(z) is convergent for x € [1,2].
n=1
(b) Let E = [1, 2], is compact and wu,, (z) — 0 pointwise. Clearly

x T $2

Un41 — Up = (1+x)n+1 - (14—1‘)" = _(1+x)n+1 <0

so that the sequence is monotonic. All the hypotheses of Dini’s Theorem 5 are satisfied and thus

convergence is uniform.
(c) Since the convergence is uniform we can interchange the integral and summation. Thus the
equality holds.

Two Important Theorems regarding the Test of Uniform Convergence

THEOREM 6 (Abel’s test). If
(i) by (x) is positive monotone decreasing function of n for each fixed value x in |a, b|
(i) |bn(z)| < k,Vz € [a,b]
(iii) The series Yuy,(x) is uniformly convergent on [a, b then 3b,,(x)uy () converges uniformly
on [a, b]

THEOREM 7 (Dirichlet’s test). The series Xuy,(x)v,(x) will be uniformly convergent on a set
ECRif

(i) (vn)nis positive,a monotone decreasing sequence for every © € E and converges uniformly
tozeroon E

(ii) ‘5’ ‘ = ‘ Z Un (2 < K for every x € E and forVn € N, where K is a constant.

Consider the followmg examples:

sinnx

[e.e]

(i) Consider the series of functions Z
n=1

Let uy,(z) = sinnz and v, (z) = 1. Therefore

sm2 n—1
Zur = _7sm<x—|— 5 33)

2

defied on [a,b], where 0 < a < z < b < 27.
n

T
= < = 0< =<
| |ZU7~ | ‘51112‘ smf 2 T

Now, e

= cosec% is bounded for all x € [a,b], where 0 < a < z < b < 2.

Also, (vy,)n,is positive,a monotone decreasing sequence for every = € [a, b] and converges
uniformly to zero for all = € [a, b].

Hence by Dirichlet’s test the series converges uniformly on [a, b].
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4 Uniform Convergence and Limit Theorems

As was pointed out in the previous section, even if all functions in a sequence have a nice property
(such as continuity, differentiability, etc.), the (pointwise) limit function, if it exists, need not (in
general) share this property. Our goal now is to show that, if the convergence is uniform, then
many nice properties satisfied by all the functions in the sequence will also be satisfied by their
(uniform) limit.

4.1 Uniform Convergence and Limit

In general, limits do not commute. Since the integral is defined with a limit, and since we saw in
the last section that integrals do not always respect limits of functions, we know some concrete
instances of noncommutation of limits. The fact that continuity is defined with a limit, and that
the limit of continuous functions need not be continuous, gives even more examples of situations
in which limits do not commute.

THEOREM 8. Let Ey C E C Rand let (f,) € F(E;R)N. Suppose, {f,,) converges uniformly on

Ey to a function f € F(Ey;R). Let x¢ € Ey and suppose that h_r}n fal®)=an; (n=1,2,--+)
T—>xT0

then

(i) {an} of real constants converges.

(ii)) lim f(z)= hjlma” ie. lim { lim f,(z)} = lim { lim f,(x)}

T—T0 n T—Ty N—r00 n—oo T—xg

Proof: (i) Let € > 0 be given. Since (f,,) converges uniformly on Ej to a function f € F(Fy;R),
3 a positive number N (¢) € N such that for all

fm(x) = fu(x)| < € whenever m,n > N and Vx € Ej
Keeping m, n fixed and let  — zg we get,
lam — an| < e€e;n > N.

Hence, by Cauchy’s general principle of convergence of real sequence of constants (a,,) converges,
say to A,i.e., lim a, = A. Therefore, (a,,) of real constants converges.
n—aoo
(ii) Let € > 0 be chosen arbitrary. Since (a,,) converges to A 3 a positive number N = N (¢) €

N such that
la, — Al <§;Vn2N

Since, (f,) converges uniformly on Ejy to a function f € F(Ep;R), 3 a positive number N =
N(e) € N such that

fu(z) — f(2)] < §5 Vn > N and Vz € E,

Again since lim f,(z) = a, for all n, so corresponding to ¢ > 0, 3§ > 0 such that
T—rXQ

|fu(z) —an] < %; whenever 0 < |z — zo| < d and Vn € N
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Hence for all n > N we have,

[f(z) = Al < |f(2) = fu(@)| + [fn(z) = an| + |an — A

€ € €
<-+-+-=c¢ whenever0<|x—$0’<5

3 3 3
lim f(zx)=A= lim a,.
T—>rx0 n—> 00
This proves the theorem. g

o
THEOREM 9. Let By C E C R and let (u,) € F(E;R)N. Suppose, the series Zun(x)

n=1
converges uniformly on Ey to a sum function s € F(Eg;R). Let xy € Ey and suppose that

xli_rgco up(z) =an; (n=1,2,---) then

o0
(i) Z an, converges and

n=1
i i ) = S i [S20nto)] = 32 [ty o]

n=1 n=1

Proof: (i) Since the series Z up, () converges uniformly on Ej corresponding to any ¢ > 0, 3 a

n=1

positive integer m such that V x € [a, b] and for any integer p > 1,

n-+p

Z ur(:v)‘<e;Vn2m,p21
r=n+1

Keeping n, p fixed, we let x — z( and obtain

n—+p

>

r=n-+1

<e;Vn>m,p>1

Hence it follows that the series Z a,, converges to a finite limit A (say).

n=1
(i1) Since Z un(x) converges uniformly to s(z) so corresponding to any ¢ > 0, 3 a positive

integer m such that V = € [a, b] and for any integer N; € N, such thatV x € [a, b,
‘ Z ur(z) — s( ‘ ;3 Vn> N
Similarly, 3 a positive integer N2 € N such that

n
‘ZaT—A‘<§;Vn2N2
=1
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Again, since lim wu,(z) =ay;(n=1,2,3,---), 3 asuitable 0 such that

Tr—>rT0
€
up(x) — ap, <%;Vaj6 |z — 20| <6
n n n
D) =] < 3 furla)
r=1 r=1 r=1
€
<3, n—g;Va:€|x—x0|<5

Let N = max Ny, No € N we get forn > N and for z € |x — | < §, we have

’s(w) - A‘ = ’s(x) — iur(x) + iur(x) - iaT + zn:ar — A‘

n n n n
< o) = D@+ [ D) - Y|+ Yar - 4
r=1 r=1 r=1 r=1
W a b
—+t=-+_-=¢
3 3 3
Therefore,
oo
Jim )= A= Zanw gnZ =3 {,tim un(e)}
n=
This proves the theorem. |
4 n
EXAMPLE 43. Forn > 1, define f, : [0, 5] — Rby f,(z) = ?)f#' z € [0, g] Then each
cos
Jn is continuous. For z € (0, 5], cos™ x — 0 as n — oo, and so the sequence (f,) converges

1; forx =0

0; forz e (0,7]

limit function is not continuous, the sequence (f,,) cannot converge uniformly to f(x) on [0, 5].

pointwise on [0, 7] to f(z) = , which is not continuous on [0, 7]. Since the

EXAMPLE 44. Evaluate lim iy
2=0 £~ n(n + 1)

oo
Solution: The given series is of the form Z un(x), where u,(x) = COShE Now, for all
ot n(n+1)
n €N
cos nx 1 1
= < —; Ve eR
n(@ ’ ) n—i—l)’ n(n+1) ~n? v

Now, Z M, Z — is a hyperhermonic series with p = 2 > 1, so convergent. Therefore, by

Weierstrass M, test, the given series of functions is uniformly convergent on (—oo, 00). Thus

. cosnz > CcoS Nx > 1 1 1
1. n(n+1) - { 1. 7} - nn+1) |:7 B j|
730 n(n+1) Z ;zlg%)n(n—i—l) Zn(n—i—l) Z n n+l
n=1 n=1 n=1 n=1
- 2 2 3 n n+1
1
— lim (1 — ) -1
n—00 n+1
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THEOREM 10. Let a function f, : E C R — R be bounded on Ey C E for all n € N. If the
sequence (fy(x)) of functions converges uniformly on Ey, then the limit function f is bounded on
Ey and the sequence ( f,,(x)) is uniformly bounded on Ej.

Proof: Since (f,,(x)) converges uniformly on Ej to the limit function f, then for a preassigned
e > 0, there exists a natural number N (¢) € N such that

|fn(z) — f(x)] < e, foralln > N and Vz € Ey

Therefore, |far(z) — f(x)| < €. Since fys(z) is bounded on Ey, there exists a positive constant
M such that |fy(x)| < K. Thus, we have

| f(z)] |fn(z) —{fn(z) — f(2)}]
< Jfin@)|+fn(@) = f(z)| < M +¢; forall z € Ey

This proves that f is bounded on Fy. Now, for every « € Fy and each n > ng

|fa(@)] = |falz) — f(z)+ f(z)]
< fal@) = f@)| +|f(2)] < M +2¢

Again, f, being bounded on Ej for each n € N, we have |f,(x)| < M, for every x € Ej and
n=12,---,(ng—1). Thus, if My = min{My, Mo, -+, Myp,—1, M + 2¢}, then | f,,(x)| < My
for every z € Ey and for all n € N. Therefore, the sequence ( f,,(x)) is uniformly bounded on Ej.
O

4.2 Uniform Convergence and Continuity

THEOREM 11. Let By C E C Rand let (f,) € F(E;R)N. If each f, is continuous at some xq €
Ey and (fy,) converges uniformly on Ey to a function f € F(Ey;R); then f is also continuous at
xg. Thus, if each f,, is continuous on Ey, then so is the limit function f.

Proof: Let ¢ > 0 be chosen arbitrary. Since f is the uniform limit of (f,,), we can find N =
N (e) € N such that

Ja@) = f@)| < 53 Vn= NV e E ()
With N as in (i), the continuity of fx at 2o implies that we can find 6 = §(e) > 0 with
|fn(z) — fn(mo)] < % ; Vo € EgN(zg — 0,20 +9) (i1)
Also, (i) implies that
fn(@) — f(=) <§; Ve EyN (o — 8,0 + ) (i)

Now (i), (ii) and (iii) imply that, for each x € Ey N (xg — J, zg + J), we have

|f(@) = f(xo)| = |f(2) = fn(2) + fn(x) — fn(20) + fn(20) — f(20)]
<[f(z) = fn@)| + |fn(x) = fn(zo)| + [ fn(z0) — f(20)]
€ € €
< g + g + g =€
and hence f is continuous at (. Since xg is taken arbitrary on Fj, so the result holds. O
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THEOREM 12. Let Ey C E C R and let (u,) € F(E;R)N. If each f, is continuous at some

o0
xo € Ey and the series Y, [, converges uniformly on Ey to a sum function s € F(Ep;R); then s
n=1
is also continuous at xq. In particular, if each f,, is continuous on Ey, then so is the limit function
s.

Proof: Let ¢ > 0 be chosen arbitrary. z be arbitrary point on Ey. Since Y u,(z) converges
uniformly to s(x) on Ep, therefore for € > 0 we can chose N € N such thatV x € Ej

‘gur(az) —s(:c)’ < g ;v

and is particular, at x = x¢g € Egand n = N,

N
’;ur(xo) 4 s(a;o)( < %

v

N

Again, since each wu, (x) is continuous at xg, the sum of a finite number of functions Z up(x) is
r=1
also continuous at « = xq. Therefore, for € > 0, 3§ > 0 such that

N N
‘Zur(az)—Zur(wg ‘ % Ve Eyn(zg—6d,z0+9)

Hence for V= € Eg N (xg — J, zg + J), we have

N

N N
s(@) = s(a0)| = |s(a) Zur £ (@) = > urleo) + > wnlwo) - ulwo)
r=1

r=1 r=1

ZUT xo) ‘—&-’Zur xo) — U xo)’

IA
=
&

|
M= 1
$
&
+
i
$

r=1 =
o fLE €
I
3 3 3
" s(x) — s(wo) as x — . Since xg is arbitrary, so s(z) is continuous in Ej. O

RESULT 3. The converse of this theorem is not always true as may be seen in the following
example

T

(1) The series Z (nz 4+ 1){(n — Dz + 1}

when 0 < a < b. But the series is only point wise convergent but not uniformly convergent

is uniformly convergent on any finite interval [a, b],
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T 1

1
- - . Therefi
e+ D{(n—Dz+1}  (n=Dz+1 ne+l o0

on [a, b]. Here u,(x) =
sp(z) = wui(x) —i—lttg(x) +U3(1.CU) + - —i—un(x) 1 1
- (1_m—i—1>+(x+1_2307—}—1)+(2m—|—1_3x+1>+

1 1
”+[(n—1)$+1_nx+1}

B _ 1
N nr+ 1
. 1 z#0
Ls() = nhﬂoos"(x):{ 0 2=0

.. The sum function s(z) is discontinuous on [a, b], and therefore the converges is uniform
on [a, b], it is only point wise. When z # 0, let € > 0 be given

1
nxr + 1

sa(@) —s(@)] = |1-
‘ 1
nr+ 1

!

1/1
< €; whenever n > 7(7 — 1)
x \e

1/1 1/1
But 7(7 — 1) decreases with x. Hence if we take N = [ max {7(7 — 1) H +1€eN,
T \€ z€lab] LT \€

which is independent of z, then we obtain |s,(z) — s(x)| < €, whenever n > N for all
x € [a, b] i.e. the series converges uniformly to s(x) = 1 on [a, b].

Below are some examples:
o0 4 4 4
T T T x
i) Consider the series =g
® ' ;:0(14—374)” N +1+x4+(1+$4)2+(1+x4)3
Let {s,,(x)}, be the sequence of n'" partial sums. Then

sp(x) = x4{1+ ! + ! + }
" N 1+z* (14242

+---on|0,1].

1— 1L
(1+ 4)71
144

1

Therefore li_>m sp(z) =1+ atie, s(x) =1+ 2%z # 0. Again, at z = 0, 5,(0) = 0.
n—oo
s(0) = lim s,(0) = 0. So
n—oo

s(z) = 0; rz=0
) 142 z#£0

nh_)ngo s(zr) = 1 # s(0) = s is not continuous at x = 0 i.e., on [0, 1], and therefore
the converges is not uniform on [0, 1], it is only point wise. Given series is a series of
continuous functions on [0, 1] but its sum function s is not so. Hence, the series does not
converge uniformly on [0, 1].
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4

[o¢]
(i) Consider the series T;) afw

s(x):{ 1, z#1

on [0, 1]. Here,

0; =0

Thus the sum function s(z) is discontinuous on [0, 1], and therefore the converges is not
uniform on [0, 1], it is only point wise.

o0
EXAMPLE 45. A function S defined by S(z) = Z CO;#; x € R. Show that S is continuous
n=1

for any x € R.

Solution: The given series is of the form ) u, (z), where, u,(r) = “Z**. Now

CcCosnNxT

‘ < 5n = M, say

1 1 5
> M, = 142 R

[un(@)] = |5

OoSNT .
1S uni-

oo
. . . . C
So the series > M, is convergent. Hence, by Weierstrass )/ -test the series E
n=1

is continuous for all z € R and Vn € N. So that the sum

. cosnw
formly convergent on R. Again

function S(x) is continuous on R.

4.3 Uniform Convergence and Integration

b b b
We shall investigate when do we have h_)m / fn(x)dz :/ { lim fn(x)}dm :/ s(z)dx.

n—aoo
Consider the sequence (f,,(z)) given by, f,(z) = 2nze ™*" Each f,(x) is continuous on [0, 1]
and hence integrable there. Now,

. 2nx
flz) = n@m fn(z) = ngnw i =0;Vazel0,]1]
But
1 1 )
/ fn(z)de = —/ e " (=2nx)dx
0 0
1 1
- —/ e_"x2d(—nm2) = — [e_m?} =1—e"
0 0
1
Also,

/ol{nh_r?oofn( )}dw—/lo dz =0

lim fn )dx # / lim f,( )}

n—aoo n—aoo

We show that Riemann integrablhty is preserved when we pass to uniform limits.
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RESULT 4. [Lebesgue’s Integrability Criterion:] Let f : [a,b] — R be a bounded function. Then
f is Riemann integrable if and only if it is continuous almost everywhere.

oo
Proof: For each N € N, let D,, = {z € [a,}] : wf(z) > %} and put D = J D,,. Then D
n=1

is the set of all discontinuity points of f in [a, b](?). Suppose that f € R[a,b]. We want to prove
that each D,, has measure zero. By Riemann’s Lemma, given any £ > 0 we can find a partition
pP= (mk)zzo of [a, b] such that U(P; f) — L(P; f) < %. Let us divide {1,2, - ,n} into two
parts, G; = G;(Dn);i = 1,2

Gi={j:(zj—1,2;) N Dy # ¢}; Ga={j: (xj_1,2;) N Dy = ¢}

Now, with M, = sup{f(z) : ¢ € [z,—1,2r]}, m; = inf{f(z) : © € [x,—1,2,]} and 6, =
Ty — Ty_1, We have

UP; f) = LP; f) = > (My—m)o+ Y _ (M, —mp)5, < %

reGy reGa

Since (x,—1,x,) N Dy # ¢, implies that M, — m, > %, we have

25<Nz m75<% €

reGy T€G1

But the intervals (x,_1, x,) with r € G cover Dy. Therefore, D has measure zero for each N;
and hence, D has measure zero.

Conversely, let us assume that D has measure zero and let ¢ > 0 be given. Each [a,b]/Dy
is (relatively) open. Therefore each Dy is a closed (hence compact) subset of [a,b] and has

n
measure zero. Let IV be such that (b — a)/ = N < &/2 and pick a partition P = (xk)k .

of [a, b] such that Z o < ﬁ where, M = sup{|f(z)| : = € [a,b]}. Next, note that if
reGy

K = UreG2 [€r—1, 2], with G5 defined as above, then K is a compact subset of [a, b] such that
z € K implies wy(x) < 7. Thus, we can pick a § > 0, such that

5=t < 6= 1£(5) ~ £ < 5

!

n
Let Q = <m§€,)k/ . be a refinement of P with mesh v(P) < 4. Then, with M,s, m,, and 9/,

defined as usual and the subsets G, G5 C {1,2,---n'} defined as in the first part of the proof, we
have

U@ /)= L@ f) = D (M —mp)s,+ > (M —m))s,

reG] r'eGl
€
2M — 4 =
< > 6 LIPS 1 M +5=
reGi
which shows indeed that f € R € [a, b] and completes the proof. O
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THEOREM 13 (Uniform Convergence and Integrability). Let (f,) be a sequence of Riemann in-
tegrable functions on a compact interval [a,b] C R. Iflim f,, = f, uniformly on [a, b, then f is
also Riemann integrable on [a, b] and we have

/xf(t) ~ lim xfn()dt; vz € [a,b]

n—0o0

Proof: Let £ > 0 be chosen arbitrary. The uniform convergence of (f,,) to f implies that, for
some n € N such that

|fn(z) — f(2)| <e&; Va € a,blandn > N

In particular,

(x) — f(z)| < g, for all x € [a, b]. Therefore,

[f@)] = |f(z) = fn(2) + fn(@)] < [f(2) — fy(@)] + [ fv(2)]
< e+ |fn(z)]; Vz € [a,b]

Now, for each n € N, f,, is Riemann integrable and hence continuous on [a, b] except on a set D),
o0
of measure zero. Let D = |J D,,. Then D has measure zero. For each x € [a,b]/D, all the f,

n=1
are continuous at . Since f,, converges to f uniformly, Theorem implies that f is also continuous

at z. Thus, f is indeed continuous on [a, b]/D and hence Riemann integrable.
Next, given any € > 0, by uniform convergence, we can find N € N such that | fx (t) — f(t)| <
5= for all [a, b].

’/f dt—/ In(t dt} /|f () dt < e

and the proof is complete. O

THEOREM 14. Let (f,,(x)) be a sequence of R-integrable functions on |a,b] where a, b are finite.
If (fu(x)) converges uniformly to f(x) which is R-integrable in [a, b], then

lim_ bfn(fﬂ)de/b{nh_)moofn dx—/ I

Proof: Let ¢ > 0 be any given positive number. Then by definition of U.C of the {s,(z)} on

[a, b] We can find a positive integer N (¢) for which |s, (x) — s(x)‘ < 3= 3 V7 > N and for all

x € [a,b].
We chose n > N, we have

‘/ dx—/bs(a:)dx‘ - ‘/{sn _ s })
[
< /abbjadx:e

. lim fab sp(x)dr = f; { lim sn(x)}dx = fab s(z)dx. Hence the theorem.

T n—oo

IN

sn(z) — s(z ‘dw
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THEOREM 15 (Term by Term Integration of an Uniform Convergent Series). Let (un(x)) be a

oo
sequence of R-integrable functions on a compact interval [a,b] C R. If the infinite series Z Uy,
n=1
converges uniformly to sum s(x) on [a, b], then
(i) s € Rla,b), i.e., s is R-integrable on [a,b], and

b

(i) /abs(:n)d:v:/ab [iun(w)}d$: 2 [/a un(x)dac]

Proof: Here s,,(z) = u(x) +ua(z) + - - - + up () = the nt" partial sum of the series. Let € > 0
be any given positive number. Then by definition of uniformly convergent of the (s, (z)) on [a, b]
We can find a positive integer m such that

€

sp(x) — s(x)‘ < m; V'n>m.
. 2 ¥ . . .

In particular, sm(:v)—s(x)> < 30— a) Le. —3555 +sm(z) < s(x) < m—l—sm(x). For this
fixed m, since s, is R-integrable, we chose a partition of [a, b] such that U(P; sp,) — L(P; smm) <
5.

s(x) < sm(z) + ‘

" 3(b—a)
U(P;s) < U(P;$m) + g

Again since,

3(b—a)
L(P;s) > L(P; sp) g
Therefore
2 2
U(P;s) — L(P; s) < U(P;sm) — L(P; $m) + 36 = g + 36 =

So, s(x) is R-integrable on [a, b]. Therefore,
b

lim sn(:c)dwz/ab{ lim Sn(:L‘)}d$

n—aoo a n—aoQ

i [/abun(x)da:} - /ab [g:lun(:c)}dx

n=1
RESULT 5. It is observed here that term-by=term integration is not a sufficient condition for uni-
form convergence of a series of functions as may be seen in the following example 46.
o 1
EXAMPLE 46. Show that the series Zun(x), where ui(z) = x and u,(z) = |x2n—1 —

n=1

1

x2n — 3} , > 2, is not uniformly convergent on [0, 1]. the series be integrated term-by-term on
[0,1] ?
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Solution: The n'” partial sum of the series is given by
1
Sp(x) = ur(z) +uz(x) + -+ up(x) =227-1;2 € [0,1]
Forall € (0,1], lim S,(xz) = 1 and for z = 0, the sequence (.S,,) converges to 0. Therefore,
n—o0

the series Zun(x) is convergent pointwise on [0, 1] to the limit function S, where S(z) =

n=1
0; ifxr=20 P . . . . .
) . The limit function S(z) is discontinuous at z = 0. Since each u,, is
1; ifz e (0,1]

continuous on [0, 1] and the limit function S(z) is not continuous on [0, 1], so the series > u,, is
not uniformly convergent on [0, 1]. Now

/01 (Ti“n(ﬂﬁ))dw = /01 S(z)dr = /01 de — 1
/olul(mdx = /Ola:dg; ] %
/Olun(:r)dx_/o

1 1 1
Again, let [, = / uy(x)dx + / ug(x)dx + -+ - + / Uy, (x)dx, then using (i), we get
0 0 0

1 1
1
2n—1 2n—3
d :[ n—1_ 2n—3]: _ 0> 2
v . . 2n 2n—2n_

2—1
I, ="

= lim [, =1

jZ/ Up (z m—l—/o1 (gun(:c))da:

i.e., the series can be integrated term-by-term on [0, 1].

1 o0 CCn o0 1
EXAMPLE 47. P that ( )d —_—
/0 > E)ar =3

n=1
Solution: Let u,(z) = Z3; z € [0,1], n € N. For all z € [0, 1],

n

T
(@) = |5

1
n

Let M,, = % then |uy, (z)| < M, forall z € [0, 1] and for all n € N and ) M,, is a convergent
series of positive real numbers.

Therefore, by Weierstrass M -test, the series > _ uy, is uniformly convergent on [0, 1]. Since each
fn is integrable on [0, 1], the series can be integrated term by term on [0, 1]. Hence

o0

zntl
/0<an dl’— /d“’_ [(n—kl)nQT Z:;n?(nl—i-l)
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2

x? x
o —
1 -~ 1 -
EXAMPLE 48. Show that the series 231 up (x), where uy () = 2z [ﬁe n? —me (n+1)2 ]
"= 00 1 1 o
x € [0, 1] is uniformly convergent on |0, 1] and further show that Z / up(z)dr = ( Z un($)) dx.
n=170 0 n=1
Solution: The n" partial sum of the series is given by
Sn(z) = ui(@) +ua(x) + -+ un(x)
22
) -
= e - e 1P
(n+1)2

Forall z € (0,1], lim Sy,(z) = 2ze . Forx = 0, the sequence (.5,,) converges to 0. Therefore,
n—oo

o
the series Zun(aﬁ) converges pointwise on [0, 1] to the function S, where S(z) = 2xe™ ",

n=1

x € [0, 1]. Therefore,

1, ; 1 ey 1
/0 (;un(m)) 1‘—/0 2xe :U—l—g

For all z € [0, 1],

1 1

un(@)] < 2{ = + m} = M, (say );Vn €N

oo
Then Z M, is a convergent series of positive real numbers and for all € [0, 1], |u,(z)| < M,

n=1
[e.e]
for all n € N. Hence by Weierstrass ) -test the series Z uy, (x) converges uniformly on [0, 1].
n=1
Now
2 ;1;'2
! R g 1L “mr12
/ up(z)dr = / 237{—2@ n2 _ = o (n+1) }dx
0 0 n (n+1)2
x? a? 1 1
_ -1 N -
= [—e n2+e (n+1)2} = —e 77,2—|—e (7’L+1)2 (z)
0

Since each wu,, is integrable on [0, 1] and ) wu,, converges uniformly on [0, 1], then term-by-term
integration for the series is possible and

o 1 | 1
nz::l/o Un(x)dx:/o (;un(a:)>dx:1_e

1 1 1
Again, let I,, = / uy (x)dx + / ug(x)dx + -+ - + / uy, (x)dz, then using (i), we get
0 0 0

1
1
In=—>4e T o jim 1, =1
e n—oo e
|
:>Z/ Up(z)de =1— —
n=1"0 ¢
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o0
EXAMPLE 49. Let us consider the series Z U (x), where up () = x {n

n=1

2.2
267133

_(n_1)26—(n—1)2m2:| )

(o]
x € [0,1]. Applying integration show that the series Z un () is not uniformly convergent on
n=1

[0,1].

Solution: The nt" partial sum of the series is given by

Sn(x) =ui(x) + ua(z) + - -+ up(z) = n2ype T
For all z € (0, 1],

2,.2 41‘4

e""”>nT>O:>O<Sn(x)< vz € (0,1].

33
Thus, by Sandwich theorem lim S,(z) = 0 for all z € (0,1]. For z = 0, the sequence (S,,)
n—oo

(e.9]
converges to 0. Therefore, the series Z up,(z) converges pointwise on [0, 1] to the function S,

n=1

where S(x) = 0, z € [0, 1]. Therefore,

/o1 (g:lu”(x))dx = /010dm =0

Now

1 1
/ up(x)dr = / gv[nze*”%”2 —(n— 1)267("71)2x2}dm
0 0
A
2

[e—(n—l)2 o €n2] (Z)
1 1 1
Again, let ,, = / uy(x)dx + / ug(x)dx + - - - + / uy (x)dzx, then using (i), we get
0 0 0

1 1
In:f<1—e’”2) = lim I, = 5

2 n—oo

00 1 1 1 oo
= nz::l/o un(x)dx:§ 75/0 nZ::lun(a:)dx

o0
Therefore, the series Z up,(2) is not uniformly convergent on [0, 1].

n=1
o0
EXAMPLE 50. If S(x) be the sum function of the series Z Un (), where uy(x) = ne ", x €
n=1

[a,b], 0 < a < b, then show that the series converges uniformly to S(x) on [a,b]. Evaluate

log 3
/ S(x)dx.
1

og2
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Solution: For all = € [a, b]

n 2n

Vn € N

|Un(ﬂf)’ = eﬂ < n2x2 < n2a2;

Let M, = 2/a®n?, then 3" uy,(z) converges uniformly on [a,b] where 0 < a < b to the sum
function S(x), where

S(z) = iun(m), x € la,b],0<a<b.
n=1

Now, each u,, is integrable on [a, b]. Also, the series » | u,, is uniformly convergent on [a, b] to the
sum function S(x). Therefore

S(z)dr — i:o:l/abun(x)d:r:/abul(a;)dx+/abUQ(x)dm+...

log 3 log 3 log 3 log 3
/ S(z)dr = / e “dx + / 2e~ 2 dx + / 3e 2 dx + - - -
log 2 log 2 log 2 log 2

_ (1 1)+(1 1>+<1 1)+
- \2 3 22 32 23 33

—<1+1+1+1+ ) (1+1+1+1+ )
B 2 22 23 332 3

3 1
:2—7:7

272

4.4 Uniform Convergence and Differentiation

Here, we look at the differentiability properties of the limit of a uniformly convergent sequence of
differentiable functions. Here, the situation is more complicated. In fact, even the uniform limit
of a sequence of differentiable functions need not be differentiable.

Consider the sequence (f;,(z)) where f(z) = ze™™** |, —1 < z < 1. Now

. . —TLZEQ _
flx) = nh_r}m()<> sp(z) = :Unh_r>noo e =0.

. (fn(x)) converges uniformly to f(x) = 0 for all values of = in [—1,1]. Hence f'(z) = 0
Ve [-1,1],s0 f/(0) = 0. But

2 2 2

fi(z) =e ™ +a(—2nx)e” ™ =e " (1 - 2nz?).

Atz =0, s,(0) = 1; V n. Therefore, f,(0) — 1 asn — oo and f'(0) = 0. So uniform
. . . d
convergence of (f,,(z)) is not enough to guarantee that %{ nh—n>loo fn (x)} = nh_n}oo {% fn(x) }
THEOREM 16. Let (f,,) be a real valued function defined on [a, b] such that,
(i) each f, is continuously differentiable function on [a, b]

(ii) (fn(x)) converges at least at one point x( € |a, b

(iii) (f]) converges uniformly to a function o(x) on [a, b).
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Then

1. {(fn(x)) must converges uniformly to a continuously differentiable function f(x) on |a,b],
and

2. fi(z) =o(x) ie, %{ lim fn(x)} = lim {%fn(x)},%c € [a,b)].

n—aoo n—aoo

Proof: Let ¢ > 0 be chosen number. Since (f,) converges uniformly on [a, b], so, 3 a positive
integer V1 (€) € N such that

; Vm,n > Ny, Va € [a,b)

Ful) = )| < 550

Also since (f,,(x)) converges at x = x , corresponding to the same €, 3 a natural number Ny (g) €
N such that

fal@o) = fa(x0)| < 55 Vm,n = Ny

Let x and y be any points in [a, b]. Since f,,(x) is differentiable and hence continuous on [a, b], by
using Lagrange mean value theorem, we get

[{(Fa(@) = Fnl@)} = {Faly) = Fn)}]

= |@= 1) = Fn(©)}; where. § € (@)
< (b—a)-ﬁ < %; as|r—y|<b—a

Let, N = max{Nj, Na} € N. Then, for V. m,n > N and for all z € [a, b], we have

| fn(@) = fn (o) [{fn(@) = fn(2)} = {ful(z0) — fm(z0)} + {fn(z0) — fin(z0)}|
{fu(@) = fin(@)} = {fu(@0) = fin(x0) }| + [{fn(20) — fin(x0)}|

€

IA

A

2 T~ ¢

€
2
Therefore, by Cauchy criterion, (f,,) converges uniformly on [a, b] and f be the uniform limit of

(fn) on [a, b].

For fixed x on [a, b], and for any y € [a, b]; let us define

y—x Yy—
Since each f,, is differentiable on [a, b], so for each n € N
lim 6 (y) = lim 2O =T )
y—x y—x Yy—x
Now, for all m,n > N, we have
1
0n(y) — dm(y)l = —a |~ {fn(@) = fn (@)} + {Fuly) = fm(y)}
1 € €

< el T
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Therefore, { ¢, (y)} converges uniformly to ¢(y) on [a, b] fory € [a, b] buty # z. Since { fr(z) }n
converges uniformly to f(x) on [a, b], we get

lim { lim ¢n(y)} = lim {lim én(y)}

Y—T N—oo
. T /
or,  limg(y) = lim f,(z)

or, lim Jy) = 1) _ lim f)(x)

Y=z Yy— n—00

or, I (z) = o(z);Vx € [a,b]

n

But //(x) = - {(2)} = { lim (@)} and o(2) = lim fi(x) = lim (). So,
i{ lim fn(a;)} = lim ifn(ac), Vz € [a, b
dx L n—oo n—oo dx
This completes the proof of the theorem. O
EXAMPLE 51. Show that for the series whose partial sums are given by s, (x) = n2ge= e’
(1) the limit function is continuous.
(ii) term-by-term integration is valid
(iii) term-by-term differentiation is valid but
(iv) the series does not converge uniformly on any closed interval containing origin
Solution: Let [a, b] be a closed and bounded interval containing 0. Here s(z) = lim s,(z) =

n—oo
OVz € [a, b, a constant function. So, s is continuous on [a, b].

(i)
b b
/ {nlg)(r)lo sn(x)}dw = / O0dx = 0.

b b
1
/ sp(z)dr = / n?ze—n’zdr = —5{6_”21’2 - e_"QaQ}[ Put n?z? = uj
a a

b b
So, / {Z fn(z)}dx = Z / fn(x)dz. Thus, term-by-term integration is valid.
a a
2 —n2z?

(iii) Since s(z) = 0;Vz € [a,b]. .. §'(x) = OVx € [a,b]. Now, s, (z) = ne (1 — 2n22?).
Therefore

lim s (z) =0; z € [a,b]

nhﬁnolo s (x) = §'(2), ie., %{ nl;rl;o sn(x)} = nlgglo %(sn(m))
or, %{ an(x)} = Zfrll(a:), Vz € [a, b
n=0 n=0
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Thus term-by-term differentiation is valid for all z € [a, b].

(iv) My, = sup |sp(z) —s(x)| = sup

2
nx
ﬁ‘ = |g(z)|, say. Now
z€la,b] z€lab] €7 T

1
") = 22e 7 (1 — 2n222) = O forz = +——
J@) ( ) —

1
g"(x) = nlz(4n?2? — 6)6"212 <Oatzx = 7
n

1 Lo .
Therefore, M,, = §ne_1/ 2 oo as n — oo. So the series is not uniformly convergent on [a, ],
an interval containing 0.

THEOREM 17 (Term-by-Term Differentiation). Let (u,) be a sequence of differentiable functions

o0 o0
on [a,b], such that the series , uy(xq) converges for some xy € [a,b]. If the series . u, of
n=1

n=1
oo
derivatives converges uniformly on |a, b], then the series »_ u, converges uniformly on [a,b] to a
n=1

differentiable sum s and we have
s'(z) = 4 iun(x) = iu’ (x); Vz € la,b
dz n=1 n=1 " 7 7

o0
Proof: The n'” partial sum of the series Y u, is s, (7) = vy (2) +uz(z) +us(x) +- - -+ up ().
n=1
Now,
(i) Each u,, is given to be differentiable on [a, b] and so s,, is also differentiable on [a, b], and

sh(x) = ui'(z) + uo'(z) + us’'(z) + - - + w,/ ().

o0 o0
(ii) If > w! be the series of derived functions then this s/, (z) = > u/ (x)

n=1 n=1

o0
(iii) Given that the series > u/ (x) converges uniformly to o(z) on [a,b], so we may take
n=1
{u},(x)}, converges to o(x) on [a, b].

oo
(iv) Given that the series Y u,,(x) converges at least one point 2y € [a,b], so we can take
n=1
{s},(x)}, converges at least one point xy € [a, b].

Hence, by the previous theorem 16, the sequence { s, (z)} must converge uniformly to its limit
function s(x) on [a, b] such that s'(z) = o(x); Vz € [a, b].

EXAMPLE 52. We end this section by giving an example of a continuous function on R that is
nowhere differentiable

(1) Consider the sawtooth function:

x — |z]; ife <[z]+

fo(z) =

N~ N

[] +1—2; ifz>[z]+
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Then fo(z) is the distance from x to the nearest integer, i.e., fo(x) = d(x,Z), and is a
continuous, periodic function on R with period 1. Now, define f,,(z) = 47" fo(4™z) for all

x € Randn = 0,1,2,---. Then f, is also a continuous sawtooth function (with period
4~™), whose graph consists of line segments of slope +1. Since 0 < fy < % we have
0 < fulz) < forallz € Randn € N.

2.4n
RESULT 6. Only the uniform convergence of the series of functions ) u,(x) on [a,b] is not

sufficient to ensure the validity of term-by-term differentiation of the series ) u, () on [a, b].
This situation is depicted in the following example 53.

oo
EXAMPLE 53. example We consider the series Z uy(x), x € [0,1] whose n'? partial sum is
n=1
x :
sn(z) = Tona2® € [0,1]. Then nh_>ngo sp(z) = 0 for all z € [0,1]. Hence, the sequence
(sn(x)) converges pointwise to the limit function s(x) where s(x) = 0, x € [0,1]. Let (as
depicted in Example 20)
M (@) = s(e) e e
= sup |sp(z) —s(xz)| = sup = asn — 0o
" eyl seoq] 1+ 12?2 2yn

Therefore (s, (x)) is uniformly convergent on [0, 1]. Thus, the series ), u,(z) converges uni-
formly to the limit function f on [0, 1]. Now

1 — na? {O; 0<z<1

d
/ A — _ eaEn4 ] / —
sh(z) = —dx{sn(x)} 15 na?)? and nlgrolo 8 () 1, z=0

0; O<z<L

Hence the series > u}, converges to the function g, where g(z) = { . Therefore

1; T =

%U1($)+%U2(ﬂf)+"‘:0: %[U1($)+U2($)+“':|, for0 <z <1
d d d
and %ul(x)+%u2(x)+~-- =1# @[ul(z‘) +u2(m)+---}, forz =0

RESULT 7. If the series » _ s,, be convergent pointwise, then the uniform convergence of the series
> s, is only a sufficient condition for the validity of term-by-term differentiation of the series
> sp. This situation is depicted in the following example 54.

o0
EXAMPLE 54. We consider the series Z un(z), z € [0,1] whose n'" partial sum is s,,(z) =
n=1

1 1 4,2
(¥x5+;laj),zze[0,ly'Then
n

1 1 4,2
m%@zmgﬁ;gﬂ
n—o00 n—00 n

=0 forall z € [0,1]

Therefore, the sequence (s,(x)) converges pointwise to the limit function s(x) where s(z) = 0,
x € ]0,1]. Now

2
n2x
sp(x) = uy (@) +uy(z) + - +up(x) = m?ff € [0,1]
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Therefore, lim s/, (x) = 0 for all x € [0, 1]. Thus the sequence (s),(z)) converges point wise to
n—oo

the limit function s(x) where s(z) = 0, z € [0, 1] and hence the series » s/, (x) converges to the
d d

function g(«) on [0, 1]. Now d—[f(a:)] = 0forall z € [0, 1] and also d—[f(:c)] = g(z),z €[0,1].
x x

Therefore,

s (@] + e un(a)] e = o fua(a) + un(a)

Thus term-by-term differentiation of the series > _ w,, is valid. Let

2

n°x
M, = sup |s,(z)—s(z)|= sup —F—
" epy! " vefo] 1+ nta?
R 1 \ 1
For x > 0, we have —— ™% > 4/n2x . ——, equality holds for x = —. Therefore,
) 2 n2x n? )
1 1
% < 3 for all z > 0, equality holds for x = 3 Again for z = 0, 1_?# =0
Hence
2
1
M, = sup T -

z€[0,1] 1 + n41‘2 2

Since nll)rgo M, = %(7& 0), the sequence (s/,(x)) and hence the series »_ u), is not uniformly
convergent on [0, 1]. Thus, although the series > u/, is not uniformly convergent on [0, 1], term
by term differentiation of the series Y | u, is valid.

o0
EXAMPLE 55. Show that term-by-term differentiation is not valid at x = 0 for the series Z Up ()

n=1
nx (n—1)z

T 1+n22? 1—|—(n—1)2x2;

, where uy,(x) z € [0,1].

Solution: Let s, () be the n'" partial sum of the series Z up (), then

nx

sn(r) = ur(x) +ug(x) + - - + up(x) = T

z € [0,1]

Therefore, lim s, (x) = 0 for all z € [0, 1] and hence the sequence (s,,(z)) converges pointwise
n—oo

to the limit function s(z), where s(x) = 0, z € [0,1]. Thus the series Zun(x) converges
pointwise to the limit function s(z) for all x € [0, 1]. Now

(X @) = () -0 wee oy

i(u (:c)): n —n3z? _(nfl)f(n71)3x2
dz \""

and 5 5
(1 + n2x2> [1 + (n — 1)2302}

Atx =0, %(u“w)) =n—(n—1)= landhenceZ%@n(x)) =1+4+1+---,whichisa

divergent series. Therefore, at x = 0, % ( Z un(:z:)> # Z % (un(x))
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Problem Set

[Multiple Choice Questions]
1. Let lim 2" = f(z), z € [0,1]. Then

n—oo
0; if0<z<1 ) L o<1
Y f(x)_{h itz =1 RIRAC A IR
o) flz) =1,z €[0,1] d) f(z) =0;z €[0,1]
1(a)
2. The series Z x™, converges pointwise to the sum function s(z), « € [0, 1]. Then
n=1
B f@) = e e [0,1] b J(@) = e € [0,1]
- 1 . .’177 ) - 1 +IL'7 ’
¢) f(z) ==,z €[0,1] d) f(z) = 0 does not exist

2 (d)

2m
3. Foreachn € N, let f,(z) = lim (cos n!ﬂx) ;x € R. Then the sequence of functions

m—r o0

(fn) converges on R to the function f defined by
) 0 ifxeQ RS ifxr e
2 f(x)_{n ifzreR—Q v f(“r)_{o; ifzreR—Q
) om ifxreQ ) -m ifx e
) f(x)_{h ifzreR—Q b f(x)_{ 1, ifreR-Q

3 (b)

4. Which of the following sequences of functions is uniformly convergent on (0, 1)?

1
n 0 T d)
nx + 1 nr+ 1 nr+ 1

a) z" b)
4 (c)

5. Let f,,(x) = /" for x € [0,1]. Then

a) lim f,(z) exists for all z € [0, 1] b) lim f,(z) defines a continuous func-
n—00 n—00
tion on [0, 1]

¢) {fn(x)} converges uniformly on [0,1]  d) 1i_>m fn(x) =0foralln € [0,1]
5(a)

6. Let lim ze ™ = f(x), x > 0. Then
n—o0

a) f(xr) = 0, > b) f(z) = L,o > ¢) f(z) =e ', x> d) noneof the above
0 0 0
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6 (a)

7. Let fu(z) = tan~! nz; 2 € R. Then lim f,(z) is

n—oo
™ ™ T
b) — . d =
a) 0 ) 9 C) 5 ) 25971(13
7(d)
1 9 A3 on 2" —1
8. For z € (—1, 1), the sum of the series T2 + 1+xx2 + : —i:—E:v4 +...+41f_$2n +.on s
1 1 11—z
b 0 d
. )T ) ) 172
8 (b)
—2x —4x —6x
9. Theseriesl—262_14—462_1 _662—14_“' is

a) converges uniformly for all x > 0

b) converges uniformly for all z € R
¢) converges uniformly forallz € (—1,1)

d) converges uniformly on [—1, 1]
9 (a)

10. Which of the following sequence (f,,) of functions does not converge uniformly on [0, 1]
—x

2 fule) = b) fula) = (1 - )"
2 .
O falw) = D fulr) = T2 EN)
10 (b)

11. Which one of the following series of functions is uniformly convergent for all real = ?

n2n n.2n 1)n 2n
2) Zf e )ZWM 0 an—x

1+ 270 1+ 227) d) None of these
11 (b)
1—nz;, for0<z< 1
12. Let f(z) = "
0; for % <x <1
a) lim f,(z) defines a continuous func- b) {f,} converges uniformly on [0, 1]
n—oo
tion on [0, 1]
¢) lim f,(z)=0forall z € [0,1] d) lim f,(z) exists for all x € [0, 1]
n—oo n—oo
12 (d)
1—nz; for0<z<4i .
13. Let fu(x) = " and lim f, = f. Then
0; for }L <z <1 n—o0
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a) f is continuous on [0, 1] b) f is bounded on [0, 1]
¢) convergence of (f,) is uniform d) none of these
13 (b)

0; fort<z<1

14. Let f,(x) = {

a) converges pointwise to f(z) = 0,z € b) converges uniformly to f(z) = 0,z €

[0, 1] [0,1]
1 1
c) le fn(x)dx = (z)dx d) none of the above
14 (a)
15. Let f(z) = 1_17_7;3; € [0, 3]. Then

a) Convergence of (f,,) isuniformon [0,3] b) The limit function is continuous on [0, 3]

¢) the limit function is bounded on [0,3]  d) The convergence is not pointwise on [0, 3]
15 ()
[e.e] xn
16. The series ; T an of functions converges
a) uniformly on [0, 1] b) pointwise on [0, 1]
¢) sum function on [0, 1] d) all of these

16 (a)

17. Let f,, : [1,2] — [0, 1] be given by f,,(z) = (2 — x)" for all non-negative integers n. Let
f(z) = lim f,(z)for 1 <z < 2. Then which of the following is true?
n—oo

a) f is a continuous function on [1, 2] b) f, converges uniformly to f on [1, 2] as
n — oo
2 2
¢) lim fn(z)dx :/ f(z)dx d) Foranya € (1,2) wehave lim f (a) #
n—oo 1 1 n—o0
f'(a)
17 (¢)

18. Let {b,} and {c, } be sequences of real numbers. Then a necessary and sufficient condition
for the sequence of polynomials f,(x) = b2 + c¢,x? to converges uniformly to 0 on the
real line is
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n—oo n—00

oo oo
a) lim b, =0and lim ¢, =0 b) Z|bn|<ooand2\cn|<oo
n=1 n=1
¢) There exists a positive integer N such that b, = 0 and ¢,, = 0 for alln > N
d) lim ¢, =0
n— o0
18 (¢)

1

19. Which one of the statement is true for the sequence of functions: f,(z) = T2 n =
n® +x

1,2,...,z € [1/2,1]?
a) The sequence is monotonic and has 0 as the limit for all x € [1/2,1] asn — oo

: : 1 .
b) The sequence is not monotonic but has f(z) = — as the limit as n — oo
i

¢) The sequence is monotonic and has f(z) = % as the limit as n — oo
d) The sequence is not monotonic but has 0 as the limit
19 (a)
20. Forn > 1, let f,(z) = ze ™"z € R. Then the sequence {f,} is

a) Uniformly convergent on R b) Uniformly convergent only on compact
subset of R

¢) Bounded and not uniformly convergent d) A sequence of unbounded functions

on R
20 (a)
w/2 w/2
21. Let f,(x) = nsin®! z cos 2. Then the value of lim fn(w)dx—/ lim f,(x)dx
is
1 1
a) 1 b) 0 0 -1 d) —oo
21 (a)

22. Let {f,} be a sequence of continuous real-valued functions defined on [0, c0). Suppose
fn(z) = f(x) forall z € [0, 00) and that f is integrable. Then

a) /0 fn(x)dz — /0 f(x)dx asn — oo
1 1
b) If f,, — f uniformly on [O,oo),then/ fn(z)dz —>/ f(z)dx
0 0
¢) If f, — f uniformly on [0, o), then /OO fn(x)dr — /OO f(x)dx
0 0

1
d) If/ | fn(x) — f(x)| = 0, then f,, — f uniformly on [0, 1]
0
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22 (b)

23. Let f : R — R be strictly increasing continuous function. If (a,,) is a sequence in [0, 1],
then the sequence (f(ay)) is

a) increasing b) bounded c) convergent d) not necessarily bounded
23 (b)
o 1 .
24. The series nZ::l P ;o converges uniformly for
a) allz € R b) x>0 ¢) z €10,1] d) [a,00),a >0
24 (a)

25. Which of the following conditions below imply that a function f : [0, 1] — R is necessarily
of bounded variation?

a) f is a monotone function on [0, 1] b) f is a continuous and monotone func-
tion on [0, 1]

c¢) f has a derivative at each x € (0, 1) d) f has abounded derivative on the inter-
val (0,1)

25 (a), (b), (©)

26. Let f : R — [¥,00) be a non-negative real valued continuous function. Let ¢, (z) =

k k k+1
{ 1 f(z) > ’ ¢n,k($) _J)2 [2k k2—|—1> and g, (z) = on(z) +
0 iff(z)<n 0 if f(z) ¢ [2771)

n2"—1
Y. Onk(x). Asn T oo, which of the following are true?
k=0

a) gn(z) 1 f(z) forevery = € R

b) Givenany C' > 0, g(z) 4 f(z) uniformly on the set {z : f(z) < C'}

¢) gn(z) T f(x) uniformly for z € R

d) Givenany C > 0, gn(z) 1 f(2) uniformly on the set {z : f(z) > C}
26 (a), (b)

0 ifzdA,

27. Let A, C Rforn > 1, and x,, : R — {0, 1} be the function y,(z) = .
1 ifze A,

Let g(z) = lim supxn(z) and h(z) = lim xn(z)
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a) If g(z) = h(x) = 1,then there exists m such that for all n > m we have = € A,
b) If g(z) = 1 and h(z) = 0. then there exist m such that for all n > m we have x € A4,
(

¢) If g(z) = 1 and h(z) = O then there exists a sequence nj, ng, ... of distinct integers
such that z € A, forallk > 1

d) If g(z) = h(z) = 0 then there exists m such that for all n > m we have x ¢ A,
27 (a), (0), (d)

28. Let {f,} be a sequence of continuous functions on R

a) If {f,} converges to f pointwise on R then lim fn )dx = / f(z

n—o0

b) If {f,} converges to f uniformly on R then li_)m / fn(x)dz = / f(x)dx
=00 J o —00

c) If {f,} converges to f uniformly on R then f is continuous on R.

d) There exists a sequence of continuous functions { f,,} on R, such that { f,, } converges

to f uniformly on R, but nh_)IIolo /OO fn(x)dx # /00 f(z)dzx
28 (), (d)

x
29. Forn > 1, let g, (z) = sin?(z = 1,2 € [0,00) and f,(z) = [ gn(t)dt. Then
0

a) {fn} converges pointwise to a function f on [0, c0), but does not converge uniformly
on [0, c0)

b) {fn} does not converge pointwise to nay function on [0, co)
¢) {fn} converges uniformly on [0, 1]

d) {f.} converges uniformly on [0, c0)
29 (), (d)

30. Let t and a be positive real numbers. Define B, = {x = (z1,72,...,2,) € R*|2? + 22 +
.-+ 2 < a®}. Then for any compactly supported continuous function f on R" which of
the following are correct?

a) f(ta:)dx = f(@)t "da b) | f(tz)dr = f(@)tds
Bia B, Bina
c) / flz+y)dr = / f(x)dx for some d) f(tz)dx = f(x)t"dx
e Rn R™
30 (), (c)

31. Consider all sequences { f,,} of real valued continuous functions on [0, o). Identify which
of the following statements are correct.
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a) If {f,} converges to f pointwise on [0, 00), then lim / fn(x)de = / f(x

n—oo

b) If { f,,} converges to f uniformly on [0, c0),then lim fn )dx = / f(x
0

n—oo
c) If {f.} converges to f uniformly on [0, c0), then f is continuous on [0, co)

d) There exists a sequence of continuous functions { f,,} on [0, c0),such that { f,,} con-
oo o0
verges to f uniformly on [0, c0) but lim / fn(z)dx # / f(z)dz
31 (c), (d)

32. Find out which of the following series converge uniformly for z € (—m, )
> sin(zn) 2. /z\n > 1
b (%) ) I Y —
2 Z D 0> ( DN e

32 (a), (b), (c)

ezl

33. Which one of the following is not uniformly convergent for all x € R ?
> cosnx . cosnx 2. sinnz . sinnz
b d
a);nz ); 3 C)Zn2 )Z\/ﬁ

33 (d)

34. Let f,(z) = (—z)",x € [0, 1]. Then decide which of the following are true.

a) There exist a pointwise convergent sub sequence of f,
b) f, has no pointwise convergent sub sequence
c) fn converges pointwise everywhere.
d) f, has exactly one pointwise convergent sub sequence
34 (a)
o
35. The series Z 27" sin(2"x)
n=0
a) converges pointwise on R but not uniformlp) converges uniformly on R

¢) converges uniformly on [0, g] but not d) does not converge pointwise on R

on R
35 (b)

36. Let f,(z) = Va? +n~2;Vax € Rand n € N. Then
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a) (fn(x)) converges to x uniformly only b) (f,(z)) converges pointwise to |z| on
on a finite interval of R R but not uniformly there
¢) (fn(z)) converges to |z| uniformly on d) (f,(z)) converges pointwise to z on R
R
36 (b)
[e.@]
37. If a function f(x) be such that f(z) = > ¢n(x), where ¢p(z) = (1 —2)", 0 < z < 1.
n=0
Then
a) the series does not converge uniformly on [0, 1]
b) f(x) is continuous on [0, 1]
¢) the series may or may not converge uniformly on [0, 1]
d) the series converges uniformly on 0, 1] to x on R
37 (a)
38. Let £,,[0,1] — R be given by f, () 27§ € N. Then th {ful
. Le e given i)y = in . Then the sequence
a) converges uniformly on [0, 1].
b) does not converge uniformly on [0, 1] but has a subsequence that converges uniformly
on [0, 1]
¢) does not converge pointwise on [0, 1]
d) converges pointwise [0, 1] but does not has a sequence that converges uniformly on
[0,1]
38 (d)
n
39. Let fp(z) = v and s, (z) = Z fi(z) for x € [0,1]. Then the
{(n—=1)xz+1}(nz+1) = /
sequence {s;, }
a) converges uniformly on [0, 1]. b) converges pointwise on [0, 1] but not uniformly
¢) converges pointwise for x = 0 but not d) does not converge for = € [0, 1].
for x € [0, 1]
39 (b)
40. Let f be uniformly continuous on R and (a,,) converges to a in R. Let f,,(x) = f(z + an)

for all x € R. Then

a) (fn(x)) is only pointwise convergent b) (fn(z)) is uniformly convergent in R

¢) (fn(z)) is divergent sequence d) (fn(z)) is only bounded but not point-
wise convergent
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40 (b)

41. Let f : R — R be a non-zero function such that |f(z)| < 14_123:2 for all z € R. Defiune
real valued functions f,, on R for alln € Nby f,(x) = f(x+n). Then the series § fn(x)
converges uniformly i

a) on [0, 1] but not on [—1, 0] b) on [—1, 0] but not on [0, 1]
¢) onboth [0, 1] and [—1, 0] d) neither on [0, 1] nor on [—1, 0]
41 (c)

42. Let fr(z) = sin\/gaz;n € Nand z € R. Then as nl;ngo fn(z) =,

a) 0 b) acontinuous functiay abounded functiond) does not exist
42 (d)
43. Let fr(z) = Sinﬂ;n € Nand z € [-1,1]. Then as n — oo,

N
a) (fn) does not converge uniformly in [—1, 1p) h_)m / fu(z)dx #0
n—oo J_4

¢) (f!(x)) does not converge uniformly in d) f,(z),n € N is not uniformly continu-
[—1,1] ous in [—1, 1]

43 (c)

;n € N converges uniformly on

x X
sin nx
44. The series —_—
2

3
a) [b,2m — 5] b) [10, 27 — 10] c) [g, g} d) does not converge
uniformly
44 (c)
=\ cosnx
45. The series Z ;n € N converges uniformly on
n=1
T
a) 10,27 —10]  b) [4,27 — 4] 0 [Z’ Z} d) none of these
45 (c)
46. Let f,(z) = ——— forn € N,z € R. Which of the following are true ?
1+ n2x?
a) f, converges uniformly on [0, 1] b) f, converges pointwise on [0, 1] to a con-
tinuous function
1 1
¢) f, converges uniformly on [3, 1] d) lim fo(z)dx = / (lim fp(x))dx
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47.

48.

49.

50.

51.

52.

46 (¢), (d)

Let C.(R) = {f : R — R| fis continuous and there exists a compact set K such that
f(z) = 0forall z € K}. Let g(x) = e* forall 2 € R. For which of the following
statements are true?

a) There exists a sequence { f,,} in C.(R) such that f,, — ¢ uniformly.
b) There exists a sequence { f, } in C.(R) such that f,, — g pointwise
¢) If a sequence in C.(R) converges pointwise to g then it must converge uniformly to g

d) There does not exist any sequence in C..(R) converging pointwise to g.
47 (a), (b)

Which of the following sequence (f,(x)) of functions does not converge uniformly on
[0, 1]?
3 22 + nx sin(nx + n)
a) — b) (1-=x) c) d ——

n n n

48 (b)

Let f, : [1,2] — [0, 1] be given by f,(z) = (2 —z)";n € N. Let f(z) = lim f,(z),
n—o0
1 < x < 2. Then which of the following is true?

a) f is continuous function on [1, 2] b) f, converges uniformly to f on [1, 2]
2 2
c) ILm fu(x) dx :/ f(z) dzx d) Va € (1,2), ILm fr(a) # f'(a)
49 (d)
xQn
Let fy, : [-1,1] — R be given by f,,(z) = T3 20" € Nand f(z) = nll_)rgo fn(z). Let

flx) = ILm fn(x),1 <ax < 2. Then

a) f is continuous function on [—1, 1] b) fn — f uniformly to on [—1,1]
¢) fisintegrable on [—1,1] d) none of these
50 (c)

Let f,(z) = n?2%¢""*;n € Nand z > 0. Then (f,,) converges uniformly on
a) [0,00) b) [a,00) fora >0
¢) convergence is not uniform anywhere d) each f, is discontinuous
51 (b)

Let f,,(x) = log(n? + 2%);n € Nand 2 € R. Then
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53.

54.

55.

2.

) (fn) converges uniformly on R b) (f/) converges uniformly on R

) (fn) converges pointwise on R d) (f}) is not convergent on R
52 (b)

n 2n
The series Z + 2n is uniformly convergent for all x € R if p is
1 3
b) - - d) 2
a) 0 ) 5 )3 )

53 (d)

oo
) cosnz . .
If the series g converges uniformly on R. Then a value of p is
n

n=1
3

2
a) 1 b) 3 c) 3 d —1

54 (c)

oo .
) sinnx | .
If the series g b converges uniformly on R. Then a value of p is
n=1

7 1
a) 1 bz 0 = d 5

55 (b)

[Short Answer Type Questions]

. Find the limit function f, for the following sequence (f,,) of functions

x

(@ fo(z)= 1+na:; 0 <z < oo. Ans: f(z) =0, Vx € [0,00)

(b) fu(z) = an(l — xz)”; 0<z<1. Ans: f(z) =0

©) folz) = l—i—n#; x € R. Ans: f(z) =0,Vz € R

d) fo(z) = COZ"””; zeRT. Ans: f(z) = 0,Vz € Rt
2n

(©) falz) = JW; z €R. Ans: f(z)=0,]z| < 1,3z =1,1,]z| > 1
4n

() fn(x)zliw; e [-1,1]. Ans: f(z) =0, |z <1,%,2=+1

Use the definition to examine uniform convergence of the sequence (fy(z)) on [0, c0),
where f,(x) =

T 2

b) xe ™ c) nlzle ™

a)

x+n

Ans : a) NUC b) UC ¢) NUC
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10.

oo
s . ) AnT
. If > a, is absolutely convergent, prove that the series E i
=1

. Discuss the uniform convergence of the following sequence of functions ( f,,(z)) defined by

setting fp,(x) =
x nx

D Tt el b a0l 9 w20
. 1
1; E<LE§1

Ans : a) UCb) UC ¢) UC d) NUC

Study the uniform convergence on [0, 1] of the sequence of functions (f,(z)), defined by
setting f,(x) =

1 x? A
2 1+ (nz —1)2 b) 22 + (nx — 1)2 0 #"(l -2
d n 3,.n 4 na?
) nz" (1 —z) e) n°z"(1—z) f) .
1
& 1+zm

. Study the uniform convergence of (f,,(x)) on A and B, defined by setting f,,(z) =

) cos™ a1~ cos” o) A= [0.3]. B = [3.5]

b) cos” zsin®2; A=R, B = [O, ﬂ

o
A function f defined by f(x) = Z

n=1

cos nx . .
o , € R. Show that f is continuous for any

z eR.

o0
. Prove or disprove: g 27" cos(3"x) represents an everywhere continuous function.

n=1

n

converges uniformly

n=1 1+ xZn
forall z € R.
> 1
. Show that —————— is uniformly convergent throughout the positive x-axis.
nzl o1 /T + nx y convers £ P
oo
Discuss the convergence and uniform convergence of the series Y wuy, (), where u, () is
n=1
given by
- 1 . T\
a) m,xeR b) W,xER/{O} C) Sln(E),:EER
1 x" (=)
d) ——;2eR/{0 ——z>0 i >0
)x"+17x 0} ©) 11z "= D nta =
1

g) r"sinnz;0<r <1,z € h) eR

— T
3 4,.27
n° + n*x

R
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ns : a) UCb) NUC c¢) UCon |z| < a,a > 0d) UC on [a,00],a > 1¢) NUC f) NUC g)
UC h) UC

11. For a function f defined on [a, b] set f,(x) = [nf?i:r)]’n € Nand z € [a,b]. Show that
(fn(x)) converges uniformly to f(x) on [a, b].

cos(n’x

o0
12. Examine whether Z [4*" sin(3"mwz) + )] is uniformly convergent on R, where

n=p

oo
p is a positive integer > 2. Hints : If the given series is of the form > wu,(z), then

n=p
1 1
un@) < g o = M
13. Find where the following series converge pointwise:
> 1 =z
. -1 b : -1
a)ZHxn,x# );Hxn,x#
2" + g 1 - g}
—= d
)Zl+3n whT 7 3 );(1_xn)( xn+1)$7&
= /lnzy\e
e)z 27L"/L‘# f) Z(?)
n=2
o
) len";x >0 h) Zsin2(27r\/ n? + z?2)
n=1 n=0
14. Study the uniform convergence of the following series on the given set A:
o~ [T 1 1
-1/, 2 2\1. 4 _ S -1
a) 72 [5 — tan (n 1+ ))}A-RHmts. tan 21+ 22) < 2(1 1 22) <
1
w2 =
In(1 + nz)
b) ZT A = [2,00) Hints: My, = o
n=1
= 4
2,2 ,—n?lx], A _ itae _
) Zn z2e " 1#l; 4 = R Hints: M,, = o

-1

d) Z (1 —x) ;A = [~1,1] Hints: f(z) = { (1) [xl_”/{ s not

COHUHHOUS

e) i%(w"%—x_”);A—{xeR

n2
< |z| < 2} Hints: M,, = ——=2""!

~

l\DU—‘

1
f) § 2sin——: A= (0,00
Smgng;’ (0, 00)

g) Zln <1+

a2

) A = (—a,a),a > 0 Hints: M,, =

nin’n nlnn
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Ans: a) UC b) UC c)UC d) NUC e) UC f) NUC g) UC

X

oo
15. Study the continuity on [0, co) of the function f defined by f(z) = Z .
—A{n -1z +1j(nz+1)

1, x>1
0; =

1s not continuous

Hints: f(z) = {

16. Study the continuity of the sum of the following series on the domain of its pointwise con-

vergence:
[e.e] xn o0 9 [e.e] o0
a) Z ) sin(nz) b) Z o c) Z n2"x" d) Z In"(x +1)
n=0 n=0 n=1 n=1
Ans : a) Converges absolutely on R and the sum function is also continuous on R b)
Converges absolutely on (—1, 1) and the sum function is also continuous on (—1,1) c)

Converges absolutely on (—1/2,1/2) and the sum function is also continuous on (—1/2,1/2)
d) Converges absolutely on (% — 1,e — 1) and the sum function is also continuous on
(% _'176__1)

. <= zsin(n’z)
17. Show that the series Z _

n=1

3 converges pointwise to a continuous function on R.
n

oo
18. Determine whether the series E ‘x converges pointwise, and study the continuity of

n=1
the sum. Ans : Converges in (0, 1) and the sum function is also continuous there.

19. Let ¢ be continuous on [0, 1]. Then the sequence ( f,,) defined by f,,(x) = z"¢(x) converges
uniformly on [0, 1] if and only if ¢(1) = 0.

20. Verify that the sequence (f,(x)), where f,,(z) = nsinv4m2n? + 2 converges uniformly
on [0,a],a > 0. Does (fy(x)) converge uniformly on R ?

o
21. (a) Suppose that the series Z up(x); x € A, converges uniformly on A and that s : A —
n=1 -
R is bounded. Prove that the series ) s(z)u,(x) converges uniformly on A.
n=1

(b) Show by example that boundedness of s is essential. Under what assumption concern-

o
ing s does the uniform convergence of the series Z s(x)un(x) imply the uniform
n=1
o0
convergence of > wu,(x) on A?
n=1

22. Assume that (f,,(x)) is a sequence of functions defined on A and such that

a) fo(z) >0forz e Aandn € N b) fn(z) > frny1(z) forz € Aandn € N

) Supgeq fn(x) — 0asn — oo.
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Prove that z:(—l)"Jrl fn(x) converges uniformly on A. Hints : For x € A, the series

n=1
o
Z(—l)" fn(x) converges by the Leibnitz Theorem. Moreover,
n=1

up | R(a)| = sup | D7 (<1 fu(a)| < sup fosa (2)

z€A €A j—

23. Prove that the following series converge uniformly on R:
n+1 Tl+1 n+1
b
a)zn—i-xQ )me )Zf+cosw
Hints : Use the Exercise 22.

24. Determine the domain A of pointwise convergence and the domain B of absolute conver-
gence of the series given below. Moreover, study the uniform convergence on the indicated
set C.

2) iiz”(sx—n”;cz 5.4] b) Z <$+1> =[-2,—1]

Ans: a) A = [%,%) and B = (é,%) UC on C b) A = (—oo,—%} and B =

(=00, —3), UCon C

25. Assume that the functions f,, g, : A — R, n € N, satisfy the following conditions:

(0]
(a) the series Z
n=1

frr1(x) — fn(a?)‘ is uniformly convergent on A

(b) sup|fn(z)] > 0asn — oo
x€A

n
(c) the sequence (G, (x)), where G, (x) = Y gi(x), is uniformly bonded on A.
k=1

Prove that the series Z fn(x)gn(z) is uniformly convergent on A.

n=1

26. Show that the following series converge uniformly on the indicated set A:

n+1x. —sin(nz)
0,1 b A =la,2r—al,0

a)z =10,1] )Z p— [, 2m—al,0 < a <

s
sin(n?z) sin(na 2. sin(nz) tan~! (nz

C)Z o ),A:]R d ) ()n ();A:[a,27r—
n=1
a,0<a<m

e>z ) A = [a,00),a > 0 f>Z<—1>”“¢Z:—Z2;A=[07oo>

Dr. Prasun Kumar Nayak Home Study Materiel



58

Small Overview On Uniform Convergence

27.

28.

29.

30.

Let f, fn : [0,1] — R be continuous functions. Compute the following sentence such that
both statements (a) and (b) below are true: Let f,, — f:

1 1

Ans : 27 Uniformly on [0, 1]

Let f,(x) = 2™ for n € N. Which of the following statements are ture?

b) The sequence (f,,(z)) converges uniformly on [0, 1

a) The sequence (f;,(z)) converges uniformly on [%, 1]

c¢) The sequence (f,(x)) converges uniformly on (0, 1)
Ans : 28 (a)

Give examples to illustrate that all the hypotheses in Dini’s Theorem (Theorem 5) are es-
sential.

Let (r,) be a sequence consisting of all the rational numbers and for n = 1,2,---, we
1; =

define the functions f,, on R by f,,(z) = © P77 Prove that (fn(z)) converges
0; otherwise

pointwise but not uniformly on every interval of R.

[Long Answer Type Questions]

. Determine whether the sequence (f,(x)) converges uniformly on A, defined by setting

falz) =
2 tan! —2% . A—R b) nln(1+x2)'A—]R
x24+n3"" n/'
1
¢) nln Z;M;A:(O,oo) d R/1+227A=R

e) V2" + |z A=R f) vn+1sin"zcosz;A=R
g) n(W—l),A:[l,a],a>1

Prove that for the sequence (f,), f, — f pointwise on a point set £ C R, the convergence
is uniform.

(a) Suppose that (f,,) € F(E;R)N converges to f uniformly on E and that each f, is
bounded on E. Show that (fn) is uniformly bounded,; i.e., there is an M > 0 such
that | f,(z)] < M foralln € Nand all x € E.

1
(b) Let fr(z) =—+ L forall z € (0, 1]. Show that (f,,) converges uniformly to f(z) =
r n
271 on (0, 1] and yet the f,, and f are all unbounded on (0, 1].
Let E C Rand (f,) € F(E;R)N. Prove that, a sequence of functions {f,(x)), defined on

Ej converges uniformly on Fy C E if and only if corresponding to an € > 0, 3Ny(e) € N
such that }fm_p(x) — fn(x)| < e, forn > N and Vx € Ej.
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5.

10.

11.

12.

Prove that, a sequence (f,) € F(E;R)Y, where E C R; converges uniformly on Ey C F
if and only if Tim _sup {|fu(x) = /()| : 2 € By} = 0.
n—-—ao0

Prove that, a sequence (f,) € F(E;R)N, where E C R; converges uniformly on Ey C F
if and only if, corresponding to an ¢ > 0, 3N = N(¢) € N, depends on ¢ only, such that

sup {|fm(x) — folz)] 12 € Eo} <e; whenever m,n > N

. Find the convergence set of each of the following sequences (f,,(x)) of functions on [0, 1]

D fal@) =n?a"(1=2) ) fu@) = (1+2)" 0 fule) =na(l—2)"

Y Yy

v (a) ® 1 % © 1
Figure 16: Figures of f,(x)

as depicted in the Figures 16 (a), (b) and (c) respectively. Also find sets on which these
converge uniformly.

. If a sequence of functions (f,,) converges uniformly to f on [a, b] and g is a bounded func-

tion on [a, b], show that the sequence of functions (g f,,) converges uniformly to ¢ f on [a, b].

If a sequence of functions (f,,) converges uniformly on [a, b] to a function f and if ¢ € [a, b]
such that 1131 fn(x) = ap, n € N, show that the sequence («,,) is convergent.
n—c

If (f,,) be a sequence of continuous real valued functions converging uniformly to f on a
set £(C R). Show that lim f,(z,) = f(z) for any sequence () in E converging to a
n—oo

point x in E.

Suppose K is a compact set and let {f,,(x)) be a sequence of continuous functions converg-
ing pointwise to a continuous functions f and f,, > f,+1, then f,, — f uniformly. Hints :
Theorem 5

(Dini’s Theorem of uniform convergence of a series of functions) Let I C R be a compact
interval and suppose that (u,) € F(E;R)YN is a sequence of continuous functions such
o0

that the series Y, u, converging pointwise to a continuous function s : I — R. If the
n=1
fn is increasing (i.e., up(z) < wupy1(z) for all z € I and n € N) or decreasing (i.e.,

oo
Un () > upy1(x) forallz € I and n € N), then prove that > u,, converges to s uniformly
n=1
on I.
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13.

14.

15.

16.

17.

18.

For each n > 1, let f,,(z) be a monotonic increasing real valued function on [0, 1] such that
the sequence (f,,(z)) converges pointwise to a function f = 0. Pick out the true statements
from the following:

a) Sequence (fy,(z)) converges to f uniformly

b) If the functions f,, are non-negative, then f,, must be continuous for sufficiently large

n Hints : f,,(z) = { (1);' z€[0,1)

o) r=1

Ans: 13 (a)

Let f,, and f be continuous functions on an interval [a, b] and assume that f,, — f uniformly
on [a, b]. Pick out the true statements:

a) If f,, is Riemann-integrable, then f is Riemann-integrable.

b) If f is continuously differentiable, then f is continuously differentiable.Hints : f,,(z) =
1.
\/x?+ 3 in [—1,1]
¢) If z,, — zin [a, b], then f,(z) — f(x).
Ans: 14 (a), (¢)

Pick out the sequence (f,,) which are uniformly convergent NBHM’09

a) fn(z) =nze " on(0,00p) fn(z)=2"on]0,1] c) fulx) = on R

Ans: 15 (¢)

Test the following for uniformly convergent

n

T sin nx
1+ 2n

>> b) The series f(x) = nz::l 2l

a) The sequence of functions < over [0, 2]

over [0, 2]
¢) The sequence of functions <n2$26_m>> over (0,1)
Ans: 16 (b)

In each of the following cases, examine whether the given sequence (or series) of functions

converges uniformly over the given domain NBHM’11
nx =\ nsinnz z"
a) fo(z) = Tt € b) ; o T E 0,7] ©) falz) = Tyt €
(0,1) - [0,2]

Ans: 17 (b)

Which of the following sequence (or series) of functions are uniformly convergent on [0, 1]
? NBHM’13
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19.

20.

21.

22.

D) fule) = (costrnta))" b f) =3 EEE o) fule) = nPa(l - )"

n=1

Ans: 18 (b)

1 1
Let g, (z) = — [f <:c + - - f(:c)} , where f : R — R a continuous function. Which of the
n n
following statements are ture? NBHM’ 14
a) If f(z) = 23, then g,, — f’ uniformly on R as n — oo
b) If f(z) = 22, then g,, — f’ uniformly on R as n — oo

¢) If f is differentiable and f’ is uniformly continuous on R, then g,, — f’ uniformly on
Rasn — oo

Ans: 19 (b)

Which of the following statements are true ? NBHM'’ 14

2

a) The series Z

—— 55 does not converge uniformly on R
+ nx

2

b) The series Z converges uniformly on R

1+ n?z?
sin na?
¢) The sum of the series Z 5 defines a continuously differentiable function on R
Ans: 20 (b), (¢)
Which of the following statements are true ? NBHM’17
he seri > 2 : . T sinnx
a) T CSCTICS; m is UC on [—1, 1] b) ni}% /2 W =T

: 2
¢) Define z € R, f(z) = Z Sllril_inl;, then f is a continuously differentiable function.
n
=0

Ans: 21 (¢)

Let (f,(x)) be a sequence of continuous functions defined on [0, 1]. Assume that f,, () —
f(z) for each « € [0, 1]. Which of the following conditions imply that this convergence is
uniform ? NBHM’18

a) The function f is continuous b) fn(x) | f(x) forevery z € [0, 1] Hints
: folz) =1—zl/n

¢) The function f is continuous and f,,(z) | f(x) for every € [0,1] Hints : Dini’s
Theorem 5

Ans: 22 (¢)
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23. Which of the following statements are true ? NBHM’19

a) The sequence of functions (f,(x)), defined by f,(z) = 2"(1 — x), is uniformly
convergent on [0, 1]

2
b) The sequence of functions (f,(x)), defined by f,,(z) = nlog (1 + x—), is uniformly
n

convergent on R

o)
1
c) The series E 2" sin Ing is uniformly convergent on [1, c0)
x

n=1
Ans: 23 (a), (¢)
24. Test the uniform convergence of the sequence of functions (f,,), defined by f,, : [k, k] —
log(1 + n2x2)
R, where, f,(z) = ———>;2 € [—k, k], k > 0.
n

25. Show that the sequence f,, : © — z"™ converges for each z € I = {z : 0 < z < 1} but that
the convergence is not uniform.

26. In each of the following problems, show that the sequence (f,) converges to f for each
x € I and determine whether or not the convergence is uniform:

@ fniz————fla)=0;I={z:0<z <1}

®) frnix—
©) fniz—

@ fniz— —55:f(@) =01 ={z:a <2 <oc0,a>0}

14+ niz

nx2

1+ nx

@ fn:ix— i fle)=xl={z:0<zx <1}

(f) fn:ac—>L—i—lcos(%);f(m)EL'I:{x:0<x§2}

Y e
(g)fn:x—>smnx,f()_O;I:{x:0<x<oo}
(h)fn::c—ﬂr(l—x)f'f()EO;I:{x'0<x<1}
@) fuiz— T f@)= T =g <w <)

) fn:x—>n:ce_” ;f(z:)EO;I:{x:()gxgl}

27. (a) Z sz € [0,2]
sin(x? + n’x)
® 2
2n
© Z P(1 4 a2n)
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4 .7}4 ZL‘4

i
T+ (122 (1ta0)

28. Show that the series 2+
on [0, 1].

+- - - is not uniformly convergent

29. Prove that if a series of continuous functions converges uniformly then the sum function is
also continuous.

30. Formulate and prove a result about the derivative of the sum of a convergent series of dif-
ferentiable functions.

31. Let (u,) be a sequence of R-integrable functions on a compact interval [a,b] C R. If the
oo

infinite series E uy, converges uniformly to sum s on [a, b], then

n=1
(a) s € Rla,bl, i.e., s is R-integrable on [a, b], and

(b) /:s(t)dt:/: [iun(tﬂdt:i [/:un(t)dt}

n=1

32. Let {fn()) be a sequence of functions in C*[0, 1] such that f,,(0) = 0 for all n € N. Which
of the following statements are true ? NBHM’19

a) If the sequence (f,,(z)) converges uniformly on [0, 1], then the limit function is in
c'(o, 1]

b) If the sequence (f),(x)) is uniformly convergent over [0, 1], then the sequence (f,,(x))
is also uniformly convergent over the same interval.

c¢) If the sequence (f,(z)) converges uniformly on [0, 1], then the limit function is in
C0,1]

oo
d) If the series Z /7 (z) converges uniformly on [0, 1] to a function g, then g is Riemann

n=1

1 00
integrable and/ g(t)dt = Z fn(x)
0 n=1

Ans: 32 (b), (c)

33. Let{ry,72, -+ , 7y, - } be an enumeration of the rationals in the interval [0, 1]. Define, for

0; otherwise
statements are true? NBHM’19

1 if
n € N, and foreach x € [0, 1] f,(z) = { poifw e {r,ry, ) Which of the following

a) The function f,, is Riemann integrable over [0, 1] for each n € N

b) The sequence (fy,(x)) is pointwise convergent and the limit function is Riemann in-
1, ifzeQ

tegrable over the interval [0, 1] Hints : f(z) = { 0. otherwi
; otherwise

¢) The sequence (f,(x)) is pointwise convergent but the limit function is not Riemann
integrable over [0, 1]
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Ans: 33 (¢)

34. Let (f,) be a sequence of continuous real valued functions defined on R converging uni-
formly on R to a function f. Which of the following statements are true? NBHM’16

a) If each of the functions f,, is bounded, then f is also bounded.

b) If each of the functions f,, is uniformly continuous, then f is also uniformly continuous.
o0 oo
c) If each of the functions f,, is integrable, then lim / fn(z) dx = / f(z)dx
n—oo | o0

Ans: 34 (a),(b)
35. Let (f,(z)) be a sequence of non-negative continuous functions defined on [0, 1]. Assume
that f,(x) — f(x) for each € [0,1]. Which of the following conditions imply that
1
lim fn Ydx = / flx)dx ? NBHM’18

n—o0

a) fo(x) T f(z) forevery x € [0, 1]

b) fu(z) < f(z) for every x € [0,1]. Hints : Actually the limit of non-negative
continuous functions may not be R integrable function but the additional condition
fn(x) < f(z) makes not only f R integrable but the limit of integration is also
convergent.

c¢) The function f is continuous Hints : Consider the functions f, : [0, 1] — R, defined

2
by fn(x) N {

n —n‘x; if0<:r<%
0; otherwise

Ans: 35 (a), (b)

36. Let (f,,) be a sequence of bounded real valued functions on [0, 1] converging to f at all
points of this interval. Which of the following statements are ture? NBHM’ 14

1 1
a) If f,, and f are all continuous, then lim fo(z)dr = / f(z)dz Hints : Example
0 0

n—o0

10

1 1
b) If f,, — f uniformly, on [0, 1], then li_>m fn(z)dz = f(x)dx. Hints : Theo-

rem 14

1
c) If/
0

1 1 1
Hints : Using the inequality‘ lim / fn(x)d:n—/ f(x)dw‘ < lim / | fr(x) —
f(z)| d

fn(z) — f(x)|dx — 0 and n —— oo, then lim 1 fn(z)de = /1 f(z)dx
0 0

n—o0

Ans: 36 (b),(c)

Dr. Prasun Kumar Nayak Home Study Materiel



65

Small Overview On Uniform Convergence

1
37. Let (f,(x)) and f be integrable functions on [0, 1] such that lim / | frn(x)—f(z)|dz = 0.
n—oo 0

38.

39.

40.

41.

42.

Which of the following statements are true? NBHM’19

a) fn(x) = f(z), as n — oo, for almost every z € [0, 1]

b) lim fn dx—/ f(x

n—oo
c) If (gn (a;)) is a uniformly bounded sequence of continuous functions converging point-
1
wise to a function g, then / | fr(@)gn(z) — f(z)g(z)|de = 0asn — oo
0
Ans: 37 (b), (c)

Let (f,,) be a sequences of continuous real valued functions defined on [a, b] and also let
(an) and (b,) be two sequences on [a, b] such that lim a, = a and lim b, =0b. If (fn)
n—00

converges uniformly to f on [a, b], then show that hm fn )dx = / flx

;o ifx= 0,2014] NZ
Let f(z) = { ant1; iz =mneo, ] , where (a,) is a real sequence. Is f

0; otherwise
2014
integrable on [0, 2014]? If so, find / f(z)dx. Ans: 0
0
nzx; 0<x< %
Let (f,) be a sequence defined by f,,(#) = ¢ 2n—n’z; I <z < 2forVn>2 . Then
0; % <zrx<l1
show that
(a) The sequence (f,) is not uniformly convergent on [0, 1].
(b) each f,, is Riemann integrable on [0, 1]
(¢) {fn) has a pointwise limit f which is also Riemann integrable on [0, 1] and
@ lim / fula daz#/ e
For what values of p, the sequence (f,) defined on [0, 1] by fr(z) = %(p > 0)

for z € [0, 1] converges uniformly on [0, 1]. Examine further for p = 2 and p = 4 if
1

1
lim fn(x)da::/ lim f,(x)dx
0 0 n—oo

n—o0

Show that the sequence of functions (f,,) defined on [0, 1] by f,,(x) = n2:c(1 —xz)”, neN
1
for z € [0, 1] converges pointwise to a function f on [0, 1]. By establishing li_>m / fn(x)dx #
n oo 0

/ f(x)dx, show that the sequence ( f,,) is not uniformly convergent on [0, 1].
0
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0,

1
n

1—nz; ze€]
0; x € (
the pointwise limit function is not continuous in [0, 1] and hence deduce that lim{ lim f,(z)} #

. . r—0 n—oo
Jim {lim f,,(2)}.

1
43. Show that for the sequence of continuous functions ( f,,), where f,,(x) = 7"1]]

)

tdt

———,x > 0 converges
14+n2t’ — g

x
44. Show that the sequence (f,,) of functions defined by f,,(z) = /
0

uniformly to 0 on [0, a), @ > 0; but not on [0, co).

a)

S The Weierstrass Approximation Theorem

The name Weierstrass has occurred frequently in this chapter. In fact Karl Weierstrass (1815-1897)
revolutionized analysis with his examples and theorems. This section is devoted to one of his most
striking results. We introduce it with a motivating discussion.

Definition 5. Bernstein polynomial : For f : [0,1] — R, let B, (f,x) be the Bernstein
polynomial of order n associated with the function f, defined by

n
i n\ (kN k K
Bufia) =Y <k>f(n)a: (1), ©)
k=0
The Bernstein polynomial of the continuous function fy(z) = 1 is given by

B = 3 (5)so(E)atr ey

k=0

_ i(Z)xk(l—x)"k: (2 +0=2)" =1 @

k=0

The Bernstein polynomial of the continuous function f;(z) = x is given by

5t = 3 (1) a0t art =30 (1) E

0
= xzn: (Z: 1)1:]“_1(1 —z) k= x(a:+ (1 —a:))rhl =z = fi(z) (8
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The Bernstein polynomial of the continuous function fo(x) = 2 is given by

e = 3 (D)) -t =35 (1) st

k=0
(k-1 n—-1 1 n—1\ i
— ) L. k(= )
{n—l n +n} <k—1> v (1-z)
k=0
R 1 n—2\ 1/n-1 f _
= > Hl n} <k2> +n<k’1)} v (1 -2
k=0
I\~ (n—2 I~1/n-1
= 1_7) . k(1 _ vk o = - k(] — gk
n Z(k—2>w( @) +nzn<k—1>w( z)
k=2 k=1
1 1 1 1
= (1-2)a* + o= (1- ) fel@) + (@) ®
n n n n
This shows that the Bernstein polynomial 5,,( f2) converges to f2(x) on any bounded subset of R.
r(l-xz) " & N kN2
EXAMPLE 56. Prove that w b kZ_O:ﬁ (1—2) <x - ﬁ) .

Solution: Differentiate both sides of Eq. (7), we obtain

0 = Zn: <Z> [ka:kil(l —z)" P4 F(n—k)(1 —z)" L. (—1)]
k=0

S (Z) (k — na)ab—1(1 — z)n—h-1 (10)

k=0
Multiply both sides of Eq. (10) by (1 — z), we get
0= kz_o <Z> (k —nax)zF(1 — )"+ (11)

Differentiate both sides of Eq. (11), we obtain

0 = —”kzn:_()(Z)w’“(l—x)"’“+§(Z><k—nx){(k—m>mk1<1—x>"k1}

= —-n+ Z (Z) (k —nx)?2h 11 — )kt (12)
k=0

Multiply both sides of Eq. (12) by (1 — z), we get

0=—nz(l—z)+ Z <Z> (k — nx)2xk(1 _ :L,)n—k
k=0
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THEOREM 18. For f : [0,1] — R, let B,,(f, z) be the Bernstein polynomial of order n of the
function f as in Eq. (6). If f is continuous on [0, 1], then (B,,(f,z)) converges uniformly on [0, 1]
to f.

Proof: Using the equality (7), we get

Zf <> (1—z)" ",

Consequently,

Bu(f.x) = f()] < Z]f() ](Z)x’“(l—x)“"“ (13)

By the uniform continuity of f on [0, 1], given € > 0, there is 6 > 0 such that
|f(z) — f(z")| < &; whenever |z — 2’| < §; 2,2 € [0,1]

Clearly, there is M > 0 such that |f(x)| < M for x € [0, 1]. Then the set {0,1,2,--- ,n} can be
k k

decomposed into the two sets : A = {k: : ‘— — :r‘ < 5} and B = {k 2 ‘— — m‘ > 5}. Ifk e A,
n n

then ‘f(%) — f(:r)‘ < € and so

;’f(b_f(x)‘(@ -y <EZ<> (L-a)"h<e (14)

z€A

L — 2
If kK € B, then ﬂ > 1, then

n242
> [r(5) = @) (})Ha -0t

keB
2M 2 (M k nk o M
< 350 (k — nx) <k>x (1—2)" "< 5152 (15)
keB
This Equation (15) combined with Egs. (13) and (14) yields
Bo(f.x) — f(a)] < et g 2 0.1]

n(f,z T)|SEed g g @ ,

This proves the theorem. |

THEOREM 19 (Approximation theorem of Weierstrass). If f : [a, b] — R be a continuous function
on an interval [a, b, then for € > O there is a polynomial p(x) such that

|f(z) —p(x)| <€ x€la,b]

In particular, there exists a sequence (py(x)) of polynomial functions such that p,(x) — f(z)
on [a,b).
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Proof: We know that for each n € N, 3 a polynomial p,(z) such that

pale) — J(@)] < 5 V€ [a ]

Taking n = 1,2,3,---, we get the sequence of polynomials (p,(x)). Let & > 0 be chosen
arbitrary. Choose N € N such that N > % Then
1

< N <6 Vn > N and Vx € [a, b]

SEE

pn(z) — f2)] <

N depends only on e. Therefore, (p,,(z)) converges uniformly to f on [a, b].

The geometrical significance of this this theorem lies in the fact that, the graph (Fig. 17) of the
Y

Figure 17: The Weierstrass Approximation Theorem

polynomial p,,(x) is confined within the region bounded by y = f(x) —ec and y = f(z) + ¢ for
all x € (a,b). This theorem does not guarantee the existence of an polynomial, even if how to
construct the polynomial.

EXAMPLE 57. Let f € C|0, 1]. Determine the cases where the given condition implies that f = 0:
NBHM’07,'10

a) / x)dx =0 foralln >0 b) / x) cosnxdz = 0 foralln > 0

c) / x)sinnxdr = 0 foralln > 1

Solution: (a) For any glven f € CJ[0, 1], by Weierstrass polynomial approximation theorem, there

exists a function ¢(z) = E apx® such that | f(z) — ¢(z)| < e. Slnce/ " f(x)dx = 0 for all
0

" = - a ﬂ—fEk i T =
/0 ¢(:v)f(w)dar—kzo " /0 f(w)dz =0

Thus, as f is continuous on a compact set, it must be bounded (say bounded by M). Consider

7r2 = " T XT) — T Xz " X X )ax
/Of@c)dx - /0f< )f (@) - d(x))d +/0 o) f(z)d

< eMnm+0

n > 0, we have
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™
Since € > 0 is arbitrary, we have / f*(z) dz = 0, implies f = 0 as it is continuous. So this
0

option is correct.
(b) Extend f to f€ on [—m, 7] so that f¢(—x) = f(z) for x € [0, 7]. Then, we have
s

f¢(x) cosnx dx = 2/ f(z)cosnzdr = 0;n >0
0

—T

™
as f¢ and cos both are even functions. Similarly, we have f¢(z) sinnx dz = 0, as sin is odd,
—T

™

2
n > 1. Thus all the Fourier coefficients of f€ are zero. By Parseval’s theorem, fe(a:)‘ dx =
—T

0. The continuity of f€ then imply f¢ = 0. Because of f¢ = f on [0, 7], we have f = 0. Therefore
option (b) is also correct.
(c) This option is again correct, similarly as option (b).

Problem Set

Short answer type questions
1. Let P denote the set of all polynomials in the real variable « which varies over the interval
[0, 1]. What is the closure of P in C[0, 1] ? Ans: C[0,1]

Hints : Weierstrass approximation theorem.

Long answer type questions

1— - k2
1. Establish the identity: zl-2) = Z a*(1 — )"k (:c — —) . Hints : Differentiate Eq.
n n
k=0
(7
1
2. Let f : [0,1] — R be continuous. Assume that/ 2" f(x)dx = 0 for n € N, then prove
)
that f = 0.
3. Show that there exists no sequence of polynomials (p,,) such that p,, — f on R, where
a) f(z) =sinz b) f(z) =€

4. Let f : R — R be continuous. Show that we can find a sequence of polynomials (p,,) such
that p,, — f on any bounded subset of R.

1
5. Let f : (0,1) — R be defined by f(z) = —. Show that there does not exist a sequence of
x
polynomials (p,,) such that p,, — f on (0, 1).

6. Keep the hypothesis of the Weierstrass approximation theorem, can we find a sequence of
polynomials (py,) such that > p, = fon [0,1] ?
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6 Sequence of Functions in a Compact Set

The following elementary lemma is needed to prove certain important theorems for the sequence
of complex functions in a compact set.

LEMMA 1. Suppose that the sequence

(i) (fn(x)) converges uniformly to f(z) on a compact set D and g(x) is a continuous function
on D. Then (g(x) f,(x)) converges to g(x) f(x) uniformly on D.

(ii) (un(x)) converges uniformly to S(z) on a compact set D and g(x) is a continuous function
o0

onD. Then ) g(x)uy(x) converges to g(x)S(z) uniformly on D.
n=1
THEOREM 20. Let (f,(x)) be a sequence of differentiable functions on a domain D. If f,(x) —
f(x) uniformly on every compact subset of D, then, for any k > 1, f,(Lk) () — ) (x) for all
x € D; ie., the limit of the kth derivative is the kth derivative of the limit. Moreover, for each
k > 1, the differentiated sequence < f,sk) (:L’)> converges to f%)(z) uniformly on every compact
subset of D.

Proof:

RESULT 8. The above Theorem 20 does not hold if D is assumed to be an arbitrary set instead
sin nx

of a domain. The sequence { } converges uniformly to zero on the real axis; however, the

. . sinnz
sequence of its derivative {cos nz} converges only at z = 0. Thus, the sequence {7} cannot
n

converge uniformly on any domain containing points of the real axis.

Definition 6. A sequence (f,(x)) of differentiable functions of a domain D C C converges nor-
mally to the differentiable function f(z) on D if it converges uniformly to f(z) on each compact
subsets in D.

6.1 Convergence in the Space of Differentiable Functions

In this section, we shall prove two important theorems namely, Ascoli-Arzela theorem and the
Motel’s theorem which guarantees that, given a family F of functions in R that any sequence in
F have a uniformly convergent subsequence.

Definition 7. [ Equicontinuous]: Let F be a family of collection of functions, defined and contin-
uous and real-valued on a compact subset £ C R. A function f € F is continuous at xg € E' if
given € > 0, 36 = 0(f, zo,€) > 0 such that

v — x| <dandx € E = |f(x) — f(xo)| < e.

If 9, independent of f and depending on z( and € can be found Ve > 0, we say that the family F

is equicontinuous at x.
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Definition 8. [ Uniformly bounded]: Let (f,) be a sequence of differentiable functions on a
domain D C R and let U C D. Then, we say that (f,,) is uniformly bounded on U, if 3a M > 0
such that

|f(x)] < M;Vx € DandV n € N.

Let F be a family of collection of functions, defined and continuous and real-valued on a compact
subset £ C R. We say that F is uniformly bounded on E if

|f(z)| < M;Vx € EandVf € F

Definition 9. [Locally bounded]: A set F C H(D) is locally bounded if for each point o € D,
there are constants M and p > 0 such that
lf(z)| < M;|x—a| < pforall f € F
ie., sup{]f(az)]:|x—a!<p,f€]—'}<oo
That is, F is locally bounded if about a point o € D, there is a interval on which F is uniformly

bounded, which immediately extends to the requirement that  is uniformly bounded on a compact
sets in D.

Definition 10. [ Normal convergence]: If a sequence of real functions (f,,) converges on a com-
pact subsets, it is called normal convergence. If a sequence of functions is uniformly bounded on
compact subsets of the domain, it is said to be normally bounded.

THEOREM 21. Ascoli-Arzela Theorem : Ler F be a family of collection of continuous, real-
valued function on a compact subset E C R. Suppose F is uniformly bounded on E. Then the
followings are equivalent:

(i) F is equicontinuous at each point of £
(ii) Every sequence < fn> C F has a uniformly convergent subsequence < fnk>

Proof: Let Fqg be the set of points of ' with rational coordinates as
EQ:{T‘HZT‘nEQ}:EﬂQ

Since Q is countable and dense subset in £, then Eg is countable and E@ = FE. As Eg is

countable, we may enumerate the points of Eg by ri,79,--- ,1.e., Eg = <rn> .
n>1

Let < fn> be a sequence of F. Since F is uniformly bounded on each compact subset of £ and

hence it is pointwise bounded. Thus, if we consider < fn (r1)> , then it is a bounded sequence
n>1
of real numbers, and so |f,,(r1)| < M. By Bolzano-Weierstrass theorem, we have a convergent

subsequence <fm(r1)>anl of <fn(r1)>.

Now, consider < fnl(r2)> - Again
ni>

rem, 3 a subsequence < fra (r2)> of < fra (r2)>
converges.

fra (7“2)‘ < M and so by Bolzano-Weierstrass theo-

, which converges. Note that < fra (r1)> also

ni=z
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By induction, we get for Vn > 1, a subsequence ( f,,, ) of (fn, _,) such that < I (rj)> converges
for j < k, and

We get a list of lists:

Converge at

fm : fil(rl) \l fiz(rl) fis(rl) 1
foot | fu(r2)  fiu(ra) N\e  fis(rs) o 1,79

frg o | fri(rs) fra(r3)  frs(rs) N\ -+ T1,72,73

o0
Consider the subsequence (F;), where F; = [th member of < A > then (F}) C ) < frn > where
k=1

<fm> converge at the points ry,r9,73,---. If z € Eg, then at x = 7, and since <fnl (n)>

converges we have, the sequence <Ft(rl)> converges.
>l

Since F is equicontinuous on £, so is (F});>;. So given g € E, and an ¢ > 0, 3§ > 0 with
d = 0(xo, €) such that

‘f(:v)—f(:vo)‘ < %, whenever |z — zg| < §,Vf € F (16)
. d(xo,€) . .
The collection {|:c — zo| < > 1 X € E} is an open cover of I, which is compact, so

admits a finite subcover:
19 1) 1)
{!»”U -Gl < §(C1,€); |z — (of < §(C2,€); =Gl < 5(@:,5)}

Choose z;, € {]a:—(l\ < g(gl,a)}; Tiy € {{a:—42| < g(@,a)} STy, € {|x—(k\ <
%(Ck‘76)} where, z;; € Egp = <T’n> o Note that
n_

|$ - xiz‘ < ‘x - Clz’ + |<Zz - xiz‘ < 5(4175)
= | Fula) = () Fu(i) = Fu(a)| <

€
< - and
3 an

If z € E, then |z — (4| < 0(¢;,€)/2 for some [ with 1 <[ < k and x;, is also in |z — ;| <
d(Ck,€)/2. Let m, n be two positive integers, greater than a large positive integer. Now

Fn(@) = Fa(@)| = |Fn(@) = Pn(@) + Fon(i)) = Fu(ai) + Fu(wy) = Fa(o)|

IN

|Fon(@) = Fon(a)

| Futai) = Fula)

_l’_

Fu(zi)) = Fala)
Since (F,,,) converge on Eq and z;, € Eq, for the given £, IN (e, z;,) such that

‘Fm(xu) - Fn(xil)

< % form,n > N (e, z;,)
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Thus for m,n > max {N(e,:cil) 1 <I< k:} we have

|Fr(z) — F(z)| < € independent of = € E

= (F),) converges uniformly on E.

This proves the theorem. u

THEOREM 22. Let f, : [a,b] — R be continuous such that (f,) are uniformly bounded on
[a, b] and the derivatives f], exist and are uniformly bounded on (a,b0. Then f,, has a uniformly
convergent subsequence.

Proof: Since f; are uniformly bounded on (a, b), there exists M > 0 such that |f] (z)| < M,
Vn € N and for any « € (0,1). Using the mean value theorem, we get

fa(2) = fa(y)] < Mz —y|; forany 2,y € [a,t] and n € N
So, if ¢ > 0 is given, set d = ¢/(M + 1). Then
|fn(x) = fuly)| < M|x —y|; for any n € N with |z — y| < §

This shows that ( f,,) is equicontinuous. Let us prove that (f,,) has a subsequence which converges
uniformly. The Arzela-Ascoli theorem then supplies the uniformly convergent subsequence.

EXAMPLE 58. Which of the following sequences ( f,,) in C[0, 1| must contain a uniformly conver-
gent subsequence?

a) When {f,(x)} < 3 forall z € [0,1] and for all n € N

b) When f, € C*[0,1],

fn(@)] < 3and|f](x)| <5 forall x € 0,1 and for alln € N

Solution: (a) Let f,,(x) = z™, for C, implies ||f,|| = 1 for all n € N. To prove that there is no
convergent subsequence for this sequence, it is sufficient to show that any subsequence of (f,,) is
not Cauchy. (Since every convergent sequence is a Cauchy sequence). Observe that:

[ fon = fall = sup (z" —2®") = sup (2" = (a")%) = sup (t— %) = §
z€[0,1] z€]0,1] te(0,1]
Since (f,,) is monotonic, we see that
1
kz2n=fi = fall 2 -

Now, we have any subsequence of (f,,) then the above estimate shows that this subsequence is not
Cauchy. For any given ko, we can find &' > kg such that ng > 2ny, and || f,,, — fr Il = %. So
this option is incorrect.

(b) Let (f,,) be a uniformly bounded sequence of real-valued differentiable functions on [a, b] such
that the derivatives (f;) are uniformly bounded. Then by Arzela-Ascoli theorem, we conclude that
there exists a subsequence of (f,,) that converges uniformly on [a, b]. Thus this option is correct.
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Problem Set

Short answer type questions
1. If f : R — R is continuous and the sequence f,(x) = f(nx) is equicontinuous, what can
be said about f?

Long answer type questions

1. Is the sequence of functions f, : R — R defined by

fn(x) = cos(n + x) + log (1 + sin2(n”:p)>

1
vn+2
equicontinuous? Prove or disprove.

[ee]
2. Let f : R — R is continuous and / |f(z)|dz < oo. Show that there is a sequence (x,,)
o0

in R such that z,, — o0, x, f(x,,) — 0, and z,, f(—z,,) — 0 as n — oo.

3. Let (f,) be a sequence of functions are continuous over [0, 1] and continuously differen-
tiable in (0, 1). Assume that | f,,(x)| < 1 and that | f} (x)| < 1 forall z € (0, 1) and for each
n € N. Pick the true statements: NBHM’09

a) fn is uniformly continuous for each n Hints : Since f;, is continuous on a compact
set [0, 1]

b) (fy) contain a subsequence which converges in C[0, 1] Hints : Arzela-Ascoli theorem
¢) (fn) is a convergent sequence in C[0, 1]. Hints : f,,(z) = (—1)"
Ans: 3 (a), (b)

4. Which of the following sequences (f,,) in C[0, 1] must contain a uniformly convergent sub-
sequence? NBHM’15

a) When {f,(x)} < 3forallz € [0,1] and foralln € N

b) When f,, € C0,1], | fo(x)| < 3and |f/(x)| < 5forall z € [0,1] and for alln € N

1
¢) When f, € CY0,1] and/ |fn(z)|dz < 1 forall n € N Hints Take the same
0
example 58 as taken in option (a)

Ans: 4 (b)
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